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Motivation: Einstein Metrics

1. Are Einstein manifolds
scarce or numerous??

2. On a given manifold are
there many or few Einstein
metrics?

Sketch Proof: of existence
of many positive Einstein
metrics on many 2n + 1-
dim’l manifolds (n > 1).



Main ingredients:
1. Contact geometry
2. Algebraic geometry

Main Reference: C.P.B. and
K. Galicki, Sasakian Ge-
ometry, Oxford UP, 2008.

T he metric g is Einstein if
Ricg = Ag, A constant
Threecases A >0, A< 0, A=
0. Here positive only A > 0.



e Contact Manifold(compact)
A contact 1-form n such that

n A (dn)" # 0.

defines a contact structure

n~n < n = fn

for some f #* 0, take f > 0. or
equivalently a codimension 1 sub-
bundle D = Ker n of T'M.

(D, dn) symplectic vector bundle



Unique vector field &, called the
Reeb vector field, satisfying

&ln =1, {Jdn = 0.

T he characteristic foliation 7,
each leaf of ]—"5 passes through
any nbd U at most k times <—
quasi-regular, k =1 < regular,

otherwise irregular

Quasi-regularity is strong, most

contact 1-forms are irregular.



Contact bundle D — choose al-
most complex structure J ex-
tend to ® with ®¢£ =20

Get a compatible metric

g=dno(®®1)+n®n

Quadruple S = (&£,n, P, g) called
contact metric structure

The pair (D, J) is a strictly pseudo-

convex almost CR structure.



Question: Which contact met-

rics are Einstein?

Definition: The structure S

(&, P,g) is K-contact if £¢g
O (or £ = 0). It is Sasakian
if in addition (D, J) is integrable.

Note: Quasi-regular = K-contact.



Thm: (B-,Galicki) K-contact +
Einstein = Sasaki-Einstein with
A> 0.

Remark: The only known con-
tact metric that is Einstein and
not Sasakian is the flat metric
on 3-D torus T3 (or quotient thereof).
Blair: this is the only flat con-
tact metric.

orbifold Boothby-Wang: Man-
ifold M compact with (&,n,P, g)
quasi-regular = quotient Z = M /F¢
almost Kahler orbifold



Converse: Z = M/F; almost
Kahler orbifold. w Kahler form
with [w] € HZ ,(Z,2). Total space
M of S1 orbibundle over Z has
K-contact structure. (Z,w) is
projective algebraic orbifold +—
(&,n,P,qg) is Sasakian.

(Z,w) Kahler-Einstein (KE) with
A>0 <— (&,n,PD,q) is Sasaki-
Einstein (SE), Ricy = 2ng.



Question: When do we have SE
or KE metrics?

1. ¢3"°(Z2) > 0 (easy)

2. solve Monge-Ampeéere equa-

tion (hard, continuity method)

- 0% ¢
det(gij | (3’,27;853-) _ -t

Tian: uniform boundedness

/Z e_w(btowg < 400



Many people Yau, Tian, Siu, Nadel,
and most recently by Demailly
and Kollar in orbifold category.
alebraic geometry of orbifolds:
local unif covers, ram index: m;
branch divisor: Q-divisor

A =>(1-— L)Dj

m;

canonical orbibundle

K%' =Kz+>(1- —)[D 1,



Kawamata log terminal (klt): For
every s > 1 and holomorphic sec-

tion 7, € HO(Z, O((KZ")~%) there
s v > nLJrl such that |rs|7/% €

L2(2).

Theorem 2: ¢§"°(2) > 0, kit =
Sasaki-Einstein metric.

How to find them:

1. Links of weighted homoge-
neous polynomials. C.B., Gal-
iIcki, Kollar, Nakamaye



Sasakian Geometry of Links

c"t1 coordinates z = (zq, ..., zn)
weighted C*-action

(z0,...,2n) — (A"0zq, ..., A\""2p),

weight vector w = (wq,---,wn)
with w; € ZT and

gcd(wq, ..., wp) = 1.

f weighted homogeneous poly-
nomial

FO0zg, .. AYnz) = Xf (20, .. ., 2n)

d € 7zt is degree of f.



0 € c*t1 jsolated singularity.
link Lf defined by

L= f~1(0)ns*"+1,
S2n+1 ynit sphere in ¢+l
Special Case: Brieskorn-Pham poly.
(BP)

f(ZOv-”aZn):ZSO—F---—Fz%n



Fact: Ly has natural Sasakian
structure with commutative di-
agram: Sasaki, Abe, Takahashi,
C.B, Galicki

Ly — San+l

| !

Zy  — Pelw),
horizontal arrows: Sasakian and
Kahlerian embeddings.
vertical arrows: orbifold Rieman-
nian submersions.

Ss2nt1 weighted sphere
Pc(w) weighted projective space



Topology of Links

Milnor Fibration Theorem =- L¢
is (n-2)-connected. So topology
is determined by H,,_1(L¢,7Z).
monodromy map hsx induced by
Sl action = Alexander polyno-
mial A(t) = det(tT—h«) — by_1(Ly)
— # of factors of (1 —1t) in A(¢)
Torsion: Orlik conjecture: Holds
for BP's, and generally for di-
mensions 3 and 5.

BP: spheres— Brieskorn Graph Thm.



Sasaki-Einstein metrics
Positivity = I = (Cw; —d) > 0
Klt estimates for Lf

T :
d>-w; —d) < 1m|ni,jwiwj.
n —_—

BP polyn: (better)

no 1 n 11
1< > — <14 min{—,
1=0 Q; n—1 ¢ a; bzb]

|3
a; BP exponents and

b = gcd(as, lem(a; |5 # i)

4 other estimates. Positivity plus
a kit estimate = SE metric



SE Moduli: infinitesimal de-
formations

Thm L, alink with index I >0
satisfying any klt estimate. Then
Ly admits a pgg-dimensional fam-
Ily of SE metrics where ugg equals

2[L°(CP(w), O(d))—Y h°(CP(w), O(w;))

+dim Q(ut(Zf)]

Ngp = # of deformation classes
SE metrics.



Obstructions

Only known topological obstruc-
tions to Einstein metrics occur
iIn dimension 4. Hitchin-Thorpe
and more LeBrun

T here are obstructions to SE met-
rics: Gauntlett,Martelli,Sparks,Yau
Estimate of Lichnerowicz = if
I > n min;w; then 3 SE metrics.
Only applies to KE orbifolds!
Cases when estimate is sharp:
(Ghigi-Kollar) 3 SE metric <—

I < n min;w; only homotopy spheres.



T he Results

Homotopy Spheres:Kervaire,Milnor
bP>,, = group of homotopy spheres
S2n—1 that bound a paralleliz-
able manifold. bPg = Zog, bP1o =
2992, bP1e = Zg128, 0P4n4o =0

Or Zo; bPg = bPy4 = bP3g = 0.

(B, Galicki,Kollar)

e Each 28 diffeo types of S’ ad-
mits hundreds of SE metrics.

Largest pgp = 82, standard S'.



e All 992 diffeo types in bPy> and
all 8128 diffeo types in bPg ad-
mit SE metrics.

e All elements of bFPy,4> admit
SE metrics.

Conjecture: All elements of bP>,
admit SE metrics.

e Both Ngr and uggp grow dou-
ble exponentially with dimension.
Reason for growth: Sylvester’s
sequence determined by cp4q =
14+cp---cp beginsas 2,3,7,43,1807,
3263443,10650056950807, ...



Sequencesa = (ag =cg,...,ap_1 =
Cn_l,an) with c,,_1 <an <cog---cp_1
give SE metrics

Examples:
(1) Ngp(S13) > 10?2 and
nerp(S13) =21300113901610

(2) Nggp(S22) > 5 x 101666 and
:LLSE(SQg) > 2 X 101667

Conjecture: Both Ngp(S2n—1)
and pgp(S27—1) are finite.



Sasaki Geometry Dimension 5

Smale-Barden classification: 5-
manifolds M?° with w1 (M?) triv-
lal. Assume spin = Smale
BUILDING BLOCKS

Moo = S? x 83, My = S°
Mj, H->(M:,7) — 2L © ZLj
M5 :Mkl##Mks’

k; divides k; 11 Or k; 41 = oo.



Which M? admit Sasakian struc-

tures?

Not known generally. However,
Kollar: write (p prime)

Hy(M®,2) = 2* & @(z,,)°@"

pyt

Sasakian =
#{i | c(p") >0} <Ek+1
Example: MS#MSQ is not Sasakian,
but both My and M>, are,



M?> Sasakian =

Ho(M®,2) = zF & 5;(2m,)29(Di)
where D; branch divisor = Rie-
mann surface genus ¢g(D;) Kollar

Assume positive Sasakian: Kollar:
H>(M?,7)tor Mmust be

72, 75", 7%, 178, 78, 77, 72

Note m = 1 = no torsion. All
such groups occur, but not all
rat’l homology spheres. Moo##M30;
admits SE metric, but M3g;. does

not! All the others do.



(B-,Galicki,Nakamaye; Kollar): nMxo
all admit SE metrics
Nop(nMs) = oo V n > 0.

Rational homology spheres (mq
trivial) (B-,Galicki; Kollar)

with ¢ > 0 +=

nM->,n > 0, M,,, m = 30k,

DMz, 3Ms, AMz, 2 My, 2 Ms

all known to admit SE except
nM-> with n > 8 or n = 4.
Nsg(2Ms) = Ngg(4M3) =1
nse(2Ms) = 6, pgp(4Mz) = 14
Nep(2M,4) = 2 (Kollar)



Mixed types: kMsc#N, k>0, m >
1: N = a rat’l| homology sphere
as above, but now we can have
m = 30I.

m > 12 =k < 8 BGK

kM~o7#E My, where 1 < k£ < 8 and
m > 12 have SE metrics, and
Ngp(Moo#tMm) = 4,
NSE(QMOO#Mm) = 3;
Nop(EMso#Mm) = 2, k= 3,4;
Nogp(kEMso#Mm) =1, k=5,...,8.
N = 4M3, 2Ms = k = 0.

N =2My4 = k= 0,1. (Kollar)



o Mo#M,, has SE metrics for
m=2,---,7.

o M~o#nlM3 has SE metrics for
n = 2,3.

e 2M~# M,, has SE metrics for
m=2,---,b.

o 3Mo#M,, has SE metrics for
m=2,3,4,7,9,10.

e 4 M#M,, has SE metrics for
4 £ m > 2.

o AM~#2M~> has SE metrics.

e bM~o#M,, has SE metrics for
m = 2. (B-,Nakamaye)



o bM~#2M> has SE metrics

o OM~# M,, has SE metrics for
m > 2.

o (M~# My, has SE metrics for
m > 3.

o SM~# M, has SE metrics for
m > 5. (B-,Galicki)

SE unknown for kMso# M, With
kE>8and 2 <m < 12.

Problem: Completeness of SE
moduli. Relate to Einstein mod-
uli (Koiso).



Higher Dimension

e Sasakian with pos Ricci curv
on 2k(S2n—1 x §2n) for different
diffeo types. E.g. on all 28 dif-
feo classes for 2(S3 x S%4).

SE for 222(S3x.5%) and 480(S3x
S4) (C.B.,Galicki)

e SE metrics on S2 x S°
(C.B.,Galicki,Ornea)

e Many others with torsion



