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called contact metric structure. Contact metric manifold (M, S).
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The Sasaki Cone and the Affine cone

@ On a compact Sasaki manifold (M?"t1, S) the Sasaki automophism group 2ut(S) contains a
torus T of dimension 1 < k < n+ 1. The case k = n+ 1 is a toric Sasakian structure.
@ Sasaki cone
@ t, the Lie algebra of T*
@ Sasaki cone (unreduced): t; (D, J) = {& € t, | n(¢') > 0,}st. S=(&,n,®,9) € (D,J)is
Sasakian.
© Sasaki cone (reduced): (D, J) = t/ (D, J)/W where W is the Weyl group of ¢R(D, J)
@ We think of x(D, J) = t; (D, J)/W as the moduli space of Sasakian structures whose underlying
CR structure is (D, J).
Q 1 <dimk(D,J) < n+1andifdimx(D,J) = n+ 1, Mis toric Sasakian.
@ The Affine Cone
@ Consider the cone C(M) = M x R* with metric § = dr? + r?g and or better the singular space
Y = C(M) U {0}
@ Lift the Reeb field £ to Y and extend the CR structure J to a complex structure /on Y by £ = I¥
where W = r & and W = —J¢.
© This makes Y a normal affine cone polarized by £ such that g is a Tk invariant Kahler metric.
© On Y the ring of global functions H has a weight space decomposition H = @aew H,, where
W C t; is the set of weights,
© and the Sasaki cone t; takes the form (Collins-Székelyhidi)

t ={¢€t|VaecW, a#0wehave o(€) > 0}.
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Test Configurations

@ the T invariant index character as a Hilbert series for ¢ € tt, viz.

F(g, 1) == > e & dim .

aceW
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Test Configurations

@ the T invariant index character as a Hilbert series for ¢ € tt, viz.

F(g, 1) == > e & dim .

aeW

@ (Collins-Székelyhidi) F(&, t) converges and has a meromorphic extension

with ag(¢) > 0.

@ A T- equivariant test configuration is a flat family of affine schemes Y = Y; c T = C
such that @ is C*-equivariant and T acts on the fibers including central fiber Yj.

@ The Donaldson-Futaki invariant of the test configuration is (D¢ is directional derivative)

1 a(f)
n+1ap(€)

1
Fut(Yp, ¢, ¢) = BDga1(§)— Dcap.
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Test Configurations

@ the T invariant index character as a Hilbert series for ¢ € tt, viz.

F(g, 1) == > e & dim .

aeW

@ (Collins-Székelyhidi) F(&, t) converges and has a meromorphic extension

with a(€) > 0.

@ A T- equivariant test configuration is a flat family of affine schemes Y = Y; c T = C
such that @ is C*-equivariant and T acts on the fibers including central fiber Yj.

@ The Donaldson-Futaki invariant of the test configuration is (D¢ is directional derivative)

1 a(f)
n+1ap(€)

1
Fut(Yp, ¢, ¢) = BDga1(§)— Dcap.

@ the Donaldson-Futaki invariant relative to T of a test configuration

FutX(YO’é-:C) = FUt( Y07£7 C) - <<7 X>

where ¥ is the transverse Futaki-Mabuchi extremal vector field and (-, -) is their inner product.
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Relative K-stability

@ The Kahler case of relative stability is due to Székelyhidi.
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Relative K-stability

@ The Kahler case of relative stability is due to Székelyhidi.

Definition

A polarized affine variety (Y, &) with a unique singular point is K-semistable relative to T if for
every T-equivariant test configuration

Futy (Y0,¢,¢) > 0.
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every T-equivariant test configuration

Futy (Y0,¢,¢) > 0.

— 1/2 i
@ The Calabi functional Cal, ;(g) = (fM(Sg — Sg)? dMg) where Sy is the scalar
curvature and Sy is the average scalar curvature.
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curvature and Sy is the average scalar curvature.

@ The variation is over space of Sasakian structures S(¢, J) with Reeb vector field ¢ and
transverse holomorphic structure J. Critical points are the extremal Sasaki metrics.

@ This is equivalent to the (1,0) gradient of Sy being transversely holomorphic which (up to a
constant) is the vector field .
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Relative K-stability

@ The Kahler case of relative stability is due to Székelyhidi.

Definition

A polarized affine variety (Y, &) with a unique singular point is K-semistable relative to T if for
every T-equivariant test configuration

Futy (Y0,¢,¢) > 0.

— 1/2
@ The Calabi functional Cal, ;(g) = (fM(Sg — Sg)? dug> / where Sy is the scalar

curvature and Sy is the average scalar curvature.

@ The variation is over space of Sasakian structures S(¢, J) with Reeb vector field ¢ and
transverse holomorphic structure J. Critical points are the extremal Sasaki metrics.

@ This is equivalent to the (1,0) gradient of Sy being transversely holomorphic which (up to a
constant) is the vector field .

Theorem (B-, van Coevering (BvC))

If there is an extremal Sasaki structure in (¢, J), then (Y, €) is K-semistable relative to a
maximal torus T.
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Relative K-stability

@ The Kahler case of relative stability is due to Székelyhidi.

Definition

A polarized affine variety (Y, &) with a unique singular point is K-semistable relative to T if for
every T-equivariant test configuration

Futy (Y0,¢,¢) > 0.

— 1/2
@ The Calabi functional Cal, ;(g) = (fM(Sg — Sg)? dug> / where Sy is the scalar

curvature and Sy is the average scalar curvature.

@ The variation is over space of Sasakian structures S(¢, J) with Reeb vector field ¢ and
transverse holomorphic structure J. Critical points are the extremal Sasaki metrics.

@ This is equivalent to the (1,0) gradient of Sy being transversely holomorphic which (up to a
constant) is the vector field .

Theorem (B-, van Coevering (BvC))

If there is an extremal Sasaki structure in (¢, J), then (Y, €) is K-semistable relative to a
maximal torus T.

@ (van Coevering) Extremal Sasaki metrics are unique up to transverse holomorphic
autmorphisms.
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The Sasaki-Einstein Problem

@ A Sasakian structure S = (&, n, @, g) is Sasaki-Einstein (SE) if the metric g is Einstein, that
is, if Ricg = 2ng.
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The Sasaki-Einstein Problem

@ A Sasakian structure S = (&, n, @, g) is Sasaki-Einstein (SE) if the metric g is Einstein, that
is, if Ricg = 2ng.

@ (M, g) is Sasaki-Einstein if and only if (C(M), g) is Ricci flat Kahler.

@ Deform the transverse Kahler form w’ — w” + idd¢ which deforms S in (&, J).
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The Sasaki-Einstein Problem

@ A Sasakian structure S = (&, n, @, g) is Sasaki-Einstein (SE) if the metric g is Einstein, that
is, if Ricg = 2ng.

@ (M, g) is Sasaki-Einstein if and only if (C(M), g) is Ricci flat Kahler.

@ Deform the transverse Kahler form w’ — w” + idd¢ which deforms S in (&, J).

@ Try to solve the transverse Monge-Ampeére equation:
det(w! 4 i8;0:4)

ij 177 —t¢+F T 3

—_——=—e , s+ 0i0:¢ >0

det(w]) wy T 900

for t € [0, 1] by the continuity method Aubin, Yau, Siu, Tian, Nadel for Kahler manifolds,
Demailly-Kollar, for Kéhler orbifolds, El Kacimi-Alaoui for transverse to foliations.
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eigenvalue of Laplacian satisfies \; > n [(Obata): equality if and only if (M", g) is standard sphere].
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eigenvalue of Laplacian satisfies \; > n [(Obata): equality if and only if (M", g) is standard sphere].
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© The cohomological Einstein condition ¢i(J¢) = (n + 1)[dn]s is equivalent to the existence of a
nonvanishing (n + 1, 0) form Q such that £:Q = i(n + 1)Q.
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© The cohomological Einstein condition ¢i(J¢) = (n + 1)[dn]s is equivalent to the existence of a
nonvanishing (n + 1, 0) form Q such that £:Q = i(n + 1)Q.
@ (Gauntlett,Martelli,Sparks,Yau(GMSY)) Applied this to Sasaki manifold (M2™', g) or better (Y, ¢)
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(M, g) is Sasaki-Einstein if and only if (C(M), g) is Ricci flat Kahler.
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for t € [0, 1] by the continuity method Aubin, Yau, Siu, Tian, Nadel for Kahler manifolds,
Demailly-Kollar, for Kéhler orbifolds, El Kacimi-Alaoui for transverse to foliations.
As in Kahler geometry there are obstructions to the existence of Sasaki-Einstein metrics.
The Lichnerowicz obstruction
@ @ (Lichnerowicz) (M", g) compact Riemannian with Ricci curvature Ricg > n — 1 then the first
eigenvalue of Laplacian satisfies \; > n [(Obata): equality if and only if (M", g) is standard sphere].
@ In particular, if (M?™1, g) is Sasaki-Einstein then Xy > 2n + 1.
© The cohomological Einstein condition ¢i(J¢) = (n + 1)[dn]s is equivalent to the existence of a
nonvanishing (n + 1, 0) form Q such that £:Q = i(n + 1)Q.
@ (Gauntlett,Martelli,Sparks,Yau(GMSY)) Applied this to Sasaki manifold (M2™', g) or better (Y, ¢)
with a Q-Gorenstein singularity to give

Theorem (Gauntlett,Martelli,Sparks,Yau (GMSY))

Suppose f is a holomorphic function on Y of charge 0 < A < 1, i.e. L¢f = /—1Xf then (Y, &) admits no
Ricci-flat Kahler cone metric with Reeb vector field &.
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for t € [0, 1] by the continuity method Aubin, Yau, Siu, Tian, Nadel for Kahler manifolds,
Demailly-Kollar, for Kéhler orbifolds, El Kacimi-Alaoui for transverse to foliations.
As in Kahler geometry there are obstructions to the existence of Sasaki-Einstein metrics.
The Lichnerowicz obstruction
@ @ (Lichnerowicz) (M", g) compact Riemannian with Ricci curvature Ricg > n — 1 then the first
eigenvalue of Laplacian satisfies \; > n [(Obata): equality if and only if (M", g) is standard sphere].
@ In particular, if (M?™1, g) is Sasaki-Einstein then Xy > 2n + 1.
© The cohomological Einstein condition ¢i(J¢) = (n + 1)[dn]s is equivalent to the existence of a
nonvanishing (n + 1, 0) form Q such that £:Q = i(n + 1)Q.
@ (Gauntlett,Martelli,Sparks,Yau(GMSY)) Applied this to Sasaki manifold (M2™', g) or better (Y, ¢)
with a Q-Gorenstein singularity to give

Theorem (Gauntlett,Martelli,Sparks,Yau (GMSY))

Suppose f is a holomorphic function on Y of charge 0 < A < 1, i.e. L¢f = /—1Xf then (Y, &) admits no
Ricci-flat Kahler cone metric with Reeb vector field &.

@ From Obata A = 1 can only occur for the SE metric on the standard sphere S$27+'
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The Modified Lichnerowicz Obstruction

@ Firstdefinethe slice ™ = {¢ € tT | LQ =/ —1(n+1)Q} in tF.
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The Modified Lichnerowicz Obstruction

@ Firstdefinethe slice ™ = {¢ € tT | LQ =/ —1(n+1)Q} in tF.

Theorem (Collins-Székelyhidi (CS))

Let (Y, &) be an isolated Gorenstein singularity with & € X. If (Y, &) admits a holomorphic
function f satisfying the hypothesis of the GMSY Theorem, then (Y, €) is K-unstable, i.e.
Fllt( YO7 é: 4) <o0.
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The Modified Lichnerowicz Obstruction

@ Firstdefinethe slice ™ = {¢ € tT | LQ =/ —1(n+1)Q} in tF.

Theorem (Collins-Székelyhidi (CS))

Let (Y, &) be an isolated Gorenstein singularity with & € X. If (Y, &) admits a holomorphic
function f satisfying the hypothesis of the GMSY Theorem, then (Y, €) is K-unstable, i.e.
Fllt( YO7 é: 4) <o0.

@ Letf e HO(Y,0O) with weight a € t*.
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Let (Y, &) be an isolated Gorenstein singularity with & € X. If (Y, &) admits a holomorphic
function f satisfying the hypothesis of the GMSY Theorem, then (Y, €) is K-unstable, i.e.
Fllt( YO7 é: 4) <o0.

@ Letf e HO(Y,0O) with weight a € t*.
@ Consider deformations to the normal cone V = {f =0} C Y.
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The Modified Lichnerowicz Obstruction

@ Firstdefinethe slice ™ = {¢ € tT | LQ =/ —1(n+1)Q} in tF.

Theorem (Collins-Székelyhidi (CS))

Let (Y, &) be an isolated Gorenstein singularity with & € X. If (Y, &) admits a holomorphic
function f satisfying the hypothesis of the GMSY Theorem, then (Y, €) is K-unstable, i.e.
Fllt( YO7 é: 4) <o0.

@ Letf e HO(Y,0O) with weight a € t*.
@ Consider deformations to the normal cone V = {f =0} C Y.
@ If x is tangent to X we have

FUtX(Y07£7 C) = FUt(Y07£7C) -

2w 1 ao(€)o(x)
(n+2)(n+12 a€)  (n+2)(n+1) a()?
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The Modified Lichnerowicz Obstruction

@ Firstdefinethe slice ™ = {¢ € tT | LQ =/ —1(n+1)Q} in tF.

Theorem (Collins-Székelyhidi (CS))

Let (Y, &) be an isolated Gorenstein singularity with & € X. If (Y, &) admits a holomorphic
function f satisfying the hypothesis of the GMSY Theorem, then (Y, €) is K-unstable, i.e.
Fllt( YO7 é: 4) <o0.

@ Letf e HO(Y,0O) with weight a € t*.
@ Consider deformations to the normal cone V = {f =0} C Y.
@ If x is tangent to X we have

FUtX(Y07£7 C) = FUt(Y07£7C) -

2w 1 ao(€)o(x)
(n+2)(n+12 a€)  (n+2)(n+1) a()?

@ This together with the CS Theorem gives
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The Modified Lichnerowicz Obstruction

@ Firstdefinethe slice ™ = {¢ € tT | LQ =/ —1(n+1)Q} in tF.

Theorem (Collins-Székelyhidi (CS))

Let (Y, &) be an isolated Gorenstein singularity with & € X. If (Y, &) admits a holomorphic
function f satisfying the hypothesis of the GMSY Theorem, then (Y, €) is K-unstable, i.e.
Fllt( YO7 é: 4) <o0.

@ Letf e HO(Y,0O) with weight a € t*.
@ Consider deformations to the normal cone V = {f =0} C Y.
@ If x is tangent to X we have

2w 1 ao(€)o(x)
(n+2)(n+12 a€)  (n+2)(n+1) a()?

FUtX(Y07£7 C) = FUt(Y07£7C) -

@ This together with the CS Theorem gives

Theorem (B-,van Coevering)

If f is a homogeneous holomorphic function with weight o € t* satisfying the GMSY Theorem
and a| s = 0, then the entire Sasaki cone is obstructed from admitting extremal Sasaki metrics.
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Application to Links of Isolated Weighted Hypersurface Singularitites

o Let f be a weighted homogeneous polynomial in C"*1 of degree d with weight vector
W= (W, ..., Wp),i.e. f(A"z,...,\"zp) = \f(z,...,2n) where X € C*.
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Application to Links of Isolated Weighted Hypersurface Singularitites

o Let f be a weighted homogeneous polynomial in C"*1 of degree d with weight vector
W= (W, ..., Wp),i.e. f(A"z,...,\"zp) = \f(z,...,2n) where X € C*.

o lts link Ly = {f = 0} N S?™ has a natural Sasakian structure Sw = (¢w, 7w, Pw, gw)-
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Application to Links of Isolated Weighted Hypersurface Singularitites

o Let f be a weighted homogeneous polynomial in C"*1 of degree d with weight vector

W= (Wp, ..., Wn),ie f(A"Zy,...,\"z;) = \f(z,...,2,) where \ € C*.
@ ltslink Ly = {f = 0} N S?"*! has a natural Sasakian structure Sw = (¢w, 7w, Pw, gw)-
@ (B-,Galicki,Kollar) If for all but at most one i = 0, ..., n we have 2w; < d then the Sasaki

automorphism group has dimension one as does the Sasaki cone t*.
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Application to Links of Isolated Weighted Hypersurface Singularitites

o Let f be a weighted homogeneous polynomial in C"*1 of degree d with weight vector
W= (W, ..., Wp),i.e. f(A"z,...,\"zp) = \f(z,...,2n) where X € C*.

@ ltslink Ly = {f = 0} N S?"*! has a natural Sasakian structure Sw = (¢w, 7w, Pw, gw)-

@ (B-,Galicki,Kollar) If for all but at most one i = 0, ..., n we have 2w; < d then the Sasaki
automorphism group has dimension one as does the Sasaki cone t*.

® Sowe assume f(2y, ..., 2n) = fi(20, ..., 2k) + 22, +--- + z5 with n — k > 2 and all weights
w; with i = 0,. .., k satisfy 2w; < dj, the degree of f;.
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o Let f be a weighted homogeneous polynomial in C"*1 of degree d with weight vector
W= (W, ..., Wp),i.e. f(A"z,...,\"zp) = \f(z,...,2n) where X € C*.

o lts link Ly = {f = 0} N S?™ has a natural Sasakian structure Sw = (¢w, 7w, Pw, gw)-

@ (B-,Galicki,Kollar) If for all but at most one i = 0, ..., n we have 2w; < d then the Sasaki
automorphism group has dimension one as does the Sasaki cone t*.

® Sowe assume f(2y, ..., 2n) = fi(20, ..., 2k) + 22, +--- + z5 with n — k > 2 and all weights
w; with i = 0,. .., k satisfy 2w; < dj, the degree of f;.

@ The connected component of the Sasaki automorphism group is U(1) x SO(n — k) whose
maximal torus T has dimension r + 1 where r = L”%kj.
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@ (B-,Galicki,Kollar) If for all but at most one i = 0, ..., n we have 2w; < d then the Sasaki
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® Sowe assume f(2y, ..., 2n) = fi(20, ..., 2k) + 22, +--- + z5 with n — k > 2 and all weights
w; with i = 0,. .., k satisfy 2w; < dj, the degree of f;.

@ The connected component of the Sasaki automorphism group is U(1) x SO(n — k) whose
maximal torus T has dimension r + 1 where r = L”%kj.

@ Denote by ¢; the infinitesimal generator of the maximal torus 7" of SO(n — k).
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Application to Links of Isolated Weighted Hypersurface Singularitites

o Let f be a weighted homogeneous polynomial in C"*1 of degree d with weight vector
W= (W, ..., Wp),i.e. f(A"z,...,\"zp) = \f(z,...,2n) where X € C*.

o lts link Ly = {f = 0} N S?™ has a natural Sasakian structure Sw = (¢w, 7w, Pw, gw)-

@ (B-,Galicki,Kollar) If for all but at most one i = 0, ..., n we have 2w; < d then the Sasaki
automorphism group has dimension one as does the Sasaki cone t*.

® Sowe assume f(2y, ..., 2n) = fi(20, ..., 2k) + 22, +--- + z5 with n — k > 2 and all weights
w; with i = 0,. .., k satisfy 2w; < dj, the degree of f;.

@ The connected component of the Sasaki automorphism group is U(1) x SO(n — k) whose
maximal torus T has dimension r + 1 where r = L”%kj.
@ Denote by ¢; the infinitesimal generator of the maximal torus 7" of SO(n — k).

@ The variables u; = zxj + izxyjr1 and vj = zgyj — izgqjyq for j=1,...,r have weight 1 and
—1 with respect to ¢; for which all other variables have weight 0.
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Application to Links of Isolated Weighted Hypersurface Singularitites

o Let f be a weighted homogeneous polynomial in C"*1 of degree d with weight vector
W= (W, ..., Wp),i.e. f(A"z,...,\"zp) = \f(z,...,2n) where X € C*.

o lts link Ly = {f = 0} N S?™ has a natural Sasakian structure Sw = (¢w, 7w, Pw, gw)-

@ (B-,Galicki,Kollar) If for all but at most one i = 0, ..., n we have 2w; < d then the Sasaki
automorphism group has dimension one as does the Sasaki cone t*.

® Sowe assume f(2y, ..., 2n) = fi(20, ..., 2k) + 22, +--- + z5 with n — k > 2 and all weights
w; with i = 0,. .., k satisfy 2w; < dj, the degree of f;.

@ The connected component of the Sasaki automorphism group is U(1) x SO(n — k) whose
maximal torus T has dimension r + 1 where r = L”%kj.

@ Denote by ¢; the infinitesimal generator of the maximal torus 7" of SO(n — k).

@ The variables u; = zxj + izxyjr1 and vj = zgyj — izgqjyq for j=1,...,r have weight 1 and
—1 with respect to ¢; for which all other variables have weight 0.

@ So if a is the weight of f, then a(¢;) = 0.
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Application to Links of Isolated Weighted Hypersurface Singularitites

o Let f be a weighted homogeneous polynomial in C"*1 of degree d with weight vector
W= (W, ..., Wp),i.e. f(A"z,...,\"zp) = \f(z,...,2n) where X € C*.

o lts link Ly = {f = 0} N S?™ has a natural Sasakian structure Sw = (¢w, 7w, Pw, gw)-

@ (B-,Galicki,Kollar) If for all but at most one i = 0, ..., n we have 2w; < d then the Sasaki
automorphism group has dimension one as does the Sasaki cone t*.

® Sowe assume f(2y, ..., 2n) = fi(20, ..., 2k) + 22, +--- + z5 with n — k > 2 and all weights
w; with i = 0,. .., k satisfy 2w; < dj, the degree of f;.

@ The connected component of the Sasaki automorphism group is U(1) x SO(n — k) whose
maximal torus T has dimension r + 1 where r = L”%kj.

@ Denote by ¢; the infinitesimal generator of the maximal torus 7" of SO(n — k).

@ The variables u; = zxj + izxyjr1 and vj = zgyj — izgqjyq for j=1,...,r have weight 1 and
—1 with respect to ¢; for which all other variables have weight 0.

@ So if a is the weight of f, then a(¢;) = 0.
o Sasaki cone t+ of the link Ly is t* = {bo&w + >[_; bjG € t| by > 0, — %2 < by < %0},
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Application to Links of Isolated Weighted Hypersurface Singularitites

o Let f be a weighted homogeneous polynomial in C"*1 of degree d with weight vector
W= (W, ..., Wp),i.e. f(A"z,...,\"zp) = \f(z,...,2n) where X € C*.

@ ltslink Ly = {f = 0} N S?"*! has a natural Sasakian structure Sw = (¢w, 7w, Pw, gw)-

@ (B-,Galicki,Kollar) If for all but at most one i = 0, ..., n we have 2w; < d then the Sasaki
automorphism group has dimension one as does the Sasaki cone t*.

® Sowe assume f(2y, ..., 2n) = fi(20, ..., 2k) + 22, +--- + z5 with n — k > 2 and all weights
w; with i = 0,. .., k satisfy 2w; < dj, the degree of f;.

@ The connected component of the Sasaki automorphism group is U(1) x SO(n — k) whose
maximal torus T has dimension r + 1 where r = L”%kj.

@ Denote by ¢; the infinitesimal generator of the maximal torus 7" of SO(n — k).

@ The variables u; = zxj + izxyjr1 and vj = zgyj — izgqjyq for j=1,...,r have weight 1 and
—1 with respect to ¢; for which all other variables have weight 0.

@ So if a is the weight of f, then a(¢;) = 0.

@ Sasaki cone t* of the link Ly is t™ = {bpéw + 2;21 bi e t| by >0, —@ < b < @}.

@ So a|rs = 0 and we have
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Application to Links of Isolated Weighted Hypersurface Singularitites

o Let f be a weighted homogeneous polynomial in C"*1 of degree d with weight vector
W= (W, ..., Wp),i.e. f(A"z,...,\"zp) = \f(z,...,2n) where X € C*.

@ ltslink Ly = {f = 0} N S?"*! has a natural Sasakian structure Sw = (¢w, 7w, Pw, gw)-

@ (B-,Galicki,Kollar) If for all but at most one i = 0, ..., n we have 2w; < d then the Sasaki
automorphism group has dimension one as does the Sasaki cone t*.

® Sowe assume f(2y, ..., 2n) = fi(20, ..., 2k) + 22, +--- + z5 with n — k > 2 and all weights
w; with i = 0,. .., k satisfy 2w; < dj, the degree of f;.

@ The connected component of the Sasaki automorphism group is U(1) x SO(n — k) whose
maximal torus T has dimension r + 1 where r = L”%kj.

@ Denote by ¢; the infinitesimal generator of the maximal torus 7" of SO(n — k).

@ The variables u; = zxj + izxyjr1 and vj = zgyj — izgqjyq for j=1,...,r have weight 1 and
—1 with respect to ¢; for which all other variables have weight 0.

@ So if a is the weight of f, then a(¢;) = 0.

o Sasaki cone t+ of the link Ly is t* = {bo&w + >[_; bjG € t| by > 0, — %2 < by < %0},

@ So a|rs = 0 and we have

Theorem (B-,van Coevering)

If the inequality ZLO w; — won + g(n — k — 2) > 0 holds, then there are no extremal Sasaki
metrics in the entire Sasaki cone of the link L.
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The Moduli Space of Positive Sasakian Classes ¢ (M)

@ Our results give statements about the moduli space M , of classes of positive Sasakian
structures with ¢ (F¢) = 0.

Charles Boyer (University of New Mexico) Obstructions for Extremal Sasaki Metrics



The Moduli Space of Positive Sasakian Classes ¢ (M)

@ Our results give statements about the moduli space M , of classes of positive Sasakian
structures with ¢ (F¢) = 0.
@ We let ¢ denote the subset of t* that admits an extremal representative.
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The Moduli Space of Positive Sasakian Classes M€ ,(M)

@ Our results give statements about the moduli space M , of classes of positive Sasakian
structures with ¢ (F¢) = 0.
@ We let ¢ denote the subset of t* that admits an extremal representative.

Theorem (B-,van Coevering)

Let M be one of the smooth manifolds listed in the first five entries or the last entry of the Table
below. Then the moduli space fmi,o(M) of positive Sasaki classes with c{(D) = 0 has a
countably infinite number of components of dimension greater than one and which contain no
extremal Sasaki metrics, i.e. ¢ = (). Moreover, these different components correspond to
isomorphic transverse holomorphic structures.
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The Moduli Space of Positive Sasakian Classes M€ ,(M)

@ Our results give statements about the moduli space M , of classes of positive Sasakian
structures with ¢ (F¢) = 0.
@ We let ¢ denote the subset of t* that admits an extremal representative.

Theorem (B-,van Coevering)

Let M be one of the smooth manifolds listed in the first five entries or the last entry of the Table
below. Then the moduli space fmi,o(M) of positive Sasaki classes with c{(D) = 0 has a
countably infinite number of components of dimension greater than one and which contain no
extremal Sasaki metrics, i.e. ¢ = (). Moreover, these different components correspond to
isomorphic transverse holomorphic structures.

@ The components of 9¢ (M) are distinguished by their mean Euler characteristic
(B-,Macarini,van Koert),
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The Moduli Space of Positive Sasakian Classes M€ ,(M)

@ Our results give statements about the moduli space M , of classes of positive Sasakian
structures with ¢ (F¢) = 0.
@ We let ¢ denote the subset of t* that admits an extremal representative.

Theorem (B-,van Coevering)

Let M be one of the smooth manifolds listed in the first five entries or the last entry of the Table
below. Then the moduli space fmi,o(M) of positive Sasaki classes with c{(D) = 0 has a
countably infinite number of components of dimension greater than one and which contain no
extremal Sasaki metrics, i.e. ¢ = (). Moreover, these different components correspond to
isomorphic transverse holomorphic structures.

@ The components of 9¢ (M) are distinguished by their mean Euler characteristic
(B-,Macarini,van Koert),

@ Some of these manifolds also have an infinite number of components of Sasakian
structures that admit Sasaki-Einstein metrics.
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The Moduli Space of Positive Sasakian Classes M€ ,(M)

@ Our results give statements about the moduli space M , of classes of positive Sasakian
structures with ¢ (F¢) = 0.
@ We let ¢ denote the subset of t* that admits an extremal representative.

Theorem (B-,van Coevering)

Let M be one of the smooth manifolds listed in the first five entries or the last entry of the Table
below. Then the moduli space fmi,o(M) of positive Sasaki classes with c{(D) = 0 has a
countably infinite number of components of dimension greater than one and which contain no
extremal Sasaki metrics, i.e. ¢ = (). Moreover, these different components correspond to
isomorphic transverse holomorphic structures.

@ The components of 9¢ (M) are distinguished by their mean Euler characteristic
(B-,Macarini,van Koert),

@ Some of these manifolds also have an infinite number of components of Sasakian
structures that admit Sasaki-Einstein metrics.

@ Define the complexity ¢(S) of a Sasaki manifold (M2+1.S) as
¢(S) = ImMEL _dimtt = n+ 1 —dimt*.
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The Moduli Space of Positive Sasakian Classes M€ ,(M)

@ Our results give statements about the moduli space M , of classes of positive Sasakian
structures with ¢ (F¢) = 0.
@ We let ¢ denote the subset of t* that admits an extremal representative.

Theorem (B-,van Coevering)

Let M be one of the smooth manifolds listed in the first five entries or the last entry of the Table
below. Then the moduli space fmi,o(M) of positive Sasaki classes with c{(D) = 0 has a
countably infinite number of components of dimension greater than one and which contain no
extremal Sasaki metrics, i.e. ¢ = (). Moreover, these different components correspond to
isomorphic transverse holomorphic structures.

@ The components of 9¢ (M) are distinguished by their mean Euler characteristic
(B-,Macarini,van Koert),

@ Some of these manifolds also have an infinite number of components of Sasakian
structures that admit Sasaki-Einstein metrics.

@ Define the complexity ¢(S) of a Sasaki manifold (M2+1.S) as
¢(S) = ImMEL _dimtt = n+ 1 —dimt*.
@ We have 0 < &(S) < n.
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The Moduli Space of Positive Sasakian Classes M€ ,(M)

@ Our results give statements about the moduli space M , of classes of positive Sasakian
structures with ¢ (F¢) = 0.
@ We let ¢ denote the subset of t* that admits an extremal representative.

Theorem (B-,van Coevering)

Let M be one of the smooth manifolds listed in the first five entries or the last entry of the Table
below. Then the moduli space fmi,o(M) of positive Sasaki classes with c{(D) = 0 has a
countably infinite number of components of dimension greater than one and which contain no
extremal Sasaki metrics, i.e. ¢ = (). Moreover, these different components correspond to
isomorphic transverse holomorphic structures.

@ The components of 9¢ (M) are distinguished by their mean Euler characteristic
(B-,Macarini,van Koert),

@ Some of these manifolds also have an infinite number of components of Sasakian
structures that admit Sasaki-Einstein metrics.

@ Define the complexity ¢(S) of a Sasaki manifold (M2"t1,S) as
¢(S) = ImMEL _dimtt = n+ 1 —dimt*.
@ We have 0 < ¢(S) < n.
@ In the toric case ¢(S) = 0 and ¢ is a nonempty open subset of t (Futaki-Ono-Wang).

Charles Boyer (University of New Mexico) Obstructions for Extremal Sasaki Metrics



The Moduli Space of Positive Sasakian Classes M€ ,(M)

@ Our results give statements about the moduli space M , of classes of positive Sasakian
structures with ¢ (F¢) = 0.
@ We let ¢ denote the subset of t* that admits an extremal representative.

Theorem (B-,van Coevering)

Let M be one of the smooth manifolds listed in the first five entries or the last entry of the Table
below. Then the moduli space fmi,o(M) of positive Sasaki classes with c{(D) = 0 has a
countably infinite number of components of dimension greater than one and which contain no
extremal Sasaki metrics, i.e. ¢ = (). Moreover, these different components correspond to
isomorphic transverse holomorphic structures.

@ The components of 9¢ (M) are distinguished by their mean Euler characteristic
(B-,Macarini,van Koert),

@ Some of these manifolds also have an infinite number of components of Sasakian
structures that admit Sasaki-Einstein metrics.

@ Define the complexity ¢(S) of a Sasaki manifold (M2"t1,S) as
¢(S) = ImMEL _dimtt = n+ 1 —dimt*.
@ We have 0 < ¢(S) < n.
@ In the toric case ¢(S) = 0 and ¢ is a nonempty open subset of t (Futaki-Ono-Wang).
o Ife(S)=n= % then either e = t™ or e = (. Here dimt+ = 1.
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Table of Manifolds having Sasaki Cones with no Extremal Metrics

°
Diffeo-(homeo)-morphism Type f ¢(S)
S§2n . §2nt1 2 +224 22, nl>1 n
S2n « 52n+1#zt11n+1 SI+4+22+"'+z§n+1 =0,n>1,/1>0 n
Unit tangent bundle of $2n+1 224+ z8  n>1,1>1 n
Homotopy sphere =" Z2kH 4 22 +ot 2z, n>1,k>1 n
Homotopy sphere 24"‘1 6" " B4R+ 2B, n>2,k>1 n
Rat. homology sphere Hg,, ~ z§ + B+ 22 nk>1 n
2k(S2M+1 x §2142) D, (k) Z2EHHT) |y g2kt z§ o422, nk>1 | ntd
#m(S? x S%), m = ged(p,,q) — 1 Z8+z]+22+22 p>2qorg>2p 1
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diffeomorphism types.
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Theorem (Collins-Székelyhidi): If 2p > g and 2g > p then link has infinitely many SE
metrics including S°.
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o 1" is the Kervaire sphere which is exotic when 4n + 2 # 2/ —

o ¥~ "is the Milnor generator with ¥}"~" = kX"~ for k € Zpp, |.

@ In 6th entry there are two oriented homeomorphism types each with |bPy,| oriented
diffeomorphism types.

@ Dp.1(k) gives a formula for the diffeomorphism types that occur.

@ In the last entry m = 0 denotes S°.

@ Theorem (Collins-Székelyhidi): If 2p > q and 2g > p then link has infinitely many SE
metrics including S°.

@ Question: In this CS case, does the entire Sasaki cone admit extremal Sasaki metrics?
@ Question: Are these all complexity one Sasakian structures on simply connected M®?
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