Some examples and a note on cubics, 316-1X

February 19, 2003

1 Problem 4.8.3
Find a particular solution to the DE
22" (t) + 2(t) = 9e** .

Solution:
The characteristic equation is 2r? + 1 = 0 with roots r = +5. Since —2 is

not a root, try

zp(T) = Ae*
Z(t) = 24e*
Z(t) = 4Ae™
so that
2" — 2= (8A+ A)e*® = 9¢*”
le.

A=1—z,(z) =e*.



2 Problem 4.8.34

Determine the form of a particular solution to the DE
yll —y= 6233 - .’IZ'€2$ +.’L’262$ )

Solution:
The characteristic equation is 72 — 1 = 0 with roots r = 1, —1. Since 2 is not
a root, try

yp(z) = 62$(A$2 + Bz 4+ C)
y(z) = €* [2A:v2 +2(A+ B)x + (B + 20)]
(@) = € [4A2% + 424+ B)z + 2(A+ 2B +2C)]
so that
32” —r = 6255 _erz +x262z — 62:5(3;2 —r+ 1)

i.e.
4A7* +42A+ B)z +2(A+2B+2C) — (A2* + Bz +O) =2 —z +1
i.e.

3A =1
8A+3B = -1
2A+4B+4+3C =1

and solving:
A=1/3, B=-11/9, C =47/27

and
1, B E 47)

Yp(t) = e® (gx g T+ 7



> restart;with(DEtools) :with(linalg) :with(plots):
Warning, the name adjoint has been redefined

Warning, the protected names norm and trace have been redefined and
unprotected

Warning, the name changecoords has been redefined
An example of using Maple to find solutions to IVP for a given ODE
(Text, problem 4.8.37).

Consider the ODE (linear, homogeneous, constant coefficients):
> del :=D(D(y))(x) - 4xD(y) (x) + b*y(x) =
> exp(5*x)+x*sin(3*x)-cos (3*x) ;
del := (D®)(y)(x) — 4D(y)(z) + 5y(x) = %) + zsin(3z) — cos(3 7)
The initial conditions are
> init_con := y(0) = 0, D(y)(0) = 0;
init_con :=y(0) =0, D(y)(0) =0
We now compute the solution using DSOLVE (set C1=C2=0 for partic-
ular solution):
> gsolution := dsolve({del},y(x));

1 1
gsolution = {y(z) = e?® sin(z) _C2 + €@ cos(z) _C1 + 200 (16 4+ 30 ) cos(3z) + 10 e52)

13 1
+ 100 sin(3zx) — 0 zsin(3z)}
Now some MAPLE esoterica: convert the FUNCTION y(x) to an EX-

PRESSION that can be evaluated and plotted;

this is done with the command subs:
> IVP := {del,init_con};soln := dsolve(IVP, y(x));expr :=
> subs(soln,y(x)):

IVP := {(D®)(y)(z) — 4D(y)(x) + 5y(z) = 62 + xsin(3x) — cos(3z), D(y)(0) = 0, y(0) = 0}

157 7 1 1
soln == y(z) = ~ 100 e sin(z) — = e®2) cos(z) + 200 (16 + 30 z) cos(3z) + m et
13 1
+ 100 sin(3zx) — 0 zsin(3 )
> plot(expr,x=-15..0.6, axes=BOXED,title="solution to a 2nd order
> IVP");



solution to a 2nd order IVP
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3 Problem 4.8.45

Find a particular solution to the higher order DE
y/// _ y//+y — Sing .

Solution:
The characteristic equation is 7> — r? +1 = 0. It is easy to check that i is
not a root.

4 Problem 4.8.48

Find a particular solution to the higher order DE
Yy —y" — 8y = sinx .

Solution:
The characteristic equation is r* — 72 — 8 = 0. It is easy to check that i is
not a root.



5 The solution of the cubic 3 +ar2+br+c¢=0

Suppose you wanted to solve
y" +ay" + by +cy=0
then substituting y = e" results in the cubic
r+ar’+br+c=0

Let
r=z—A

and plug in to get

(2* —3A22 +3A4% — A 4 a(2? — 24z + A +b(z — A)+c = 0
224+ (=3A+a)2? + (342 —24a+ b)z + (—A* +aA®* —bA+¢c) = 0
Choose
A=a/3
to eliminate the quadratic term. Then, equation becomes:
2 2a®  ab
4+Bz4+C=0,B=b-= ,C=" -2
2"+ Dbz + ) 3 97 3 +c

How can we solve this equation for z? Let
Z2=r+y

then
#+Bz+C=0= (r+y)°+Bx+y)+C=0

or
22 +32%y + 32y +12+ Bz +y)+C =0 = 22+ + (32y+B)(z +y)+C =0
Now let

3zy+ B =0

(since we replaced one unknown (z) by two (x and y) we have some freedom
in the choice!) Then x and y satisfy:

B3

3zy+B=0=2%"=-—
Ty + = Yy 57



while the cubic becomes
2+ +C=0

Now let
U=zand V =1¢°
Then
B U+V C
UV_—2—7, 4V =—

But two numbers whose sum and product are given can be found as the roots
of a quadratic equation since

(r—a)(z—b) =2 (a+b)x+ab=0

has roots a, b. Similarly then U, V are roots of the quadratic:

B3
+C0t—=—=0

297
That is:
C C\? B3
t=——=4 — —
2 (2) +27’
Then
U=t,,V=1_
and B
x:U%’y:V%:——
3z
and
=z+ —x—ﬁ
z=x4+y= 3

5.1 Example:  —3r—2=0

Now B=3,C =—-25s0
t=1£v1-1=1

and
;2m _i2m
=1, 29=¢€"3 , x3 =€ "3

- 27 - 27 - 27

2r _on 2 2
ri=14+1=2 rp=¢3 4+e s ,r3=€ "3 +e€'3 =19



That is both r9 and r3 are real! It is remarkable that in order to find them
we had to resort to complex numbers, but the end result is nevertheless real!

We get

2
7"2:7'3:2(:05?7?:—1

and
P =3r—2=(r-2)(r+1)>=0
5.2 Example: y”’ -y’ +y =20

P —r?4+1=0,a=-1;b=0;c=1

Then
a +1
r=z2—— =2 —
3 3
and z satisfies
2 3
3 a 1 2a° ab 25
s ! 3~ 3 o7 3 T Tyt Ty
25
3
— = — =0
S T

The associated quadratic is
3

B 25, 1
2 —_ = 2 —_— —_ =
P +0t— o =0= 1+ tt 5 =0

()

with roots

Then, x is a cube root of ¢, or, if we define

1+,/2
6

1
3

d=

then

2 _
rT1=d, xo=de's |, z3 =de "3



and

1 - 27 ]. - 27 - 27 ]. - 27
z1=d+ 0g’ 2= dei’s + @6_’% , 23 = de™ 5 + @ez%
and finally
T = Z2; + g .

The homogeneous solution to the cubic is
y(t) = Cre™? + Che™" + Cze™!

where it is clear from the above that two of the roots are complex conjugates
while the other is real. That is,

To=U4+10, T3=uU—1
so the homo. solution has the form

y(t) = Cre™ + e** (Cy cos vt + Cssinvt) .



