Solutions, 316-VIII

February 16, 2003

1 Problem 4.3.12

Verify independence, give general solution and solve IVP for:
y" —y=0; yi(x) =coshz , ys(z) = sinhx

y(0)=1, 4 (0)=-1.
Solution:
We compute the Wronskian:

coshz sinhz

yi(z) yolw) — = cosh?z —sinh?z =1
sinhz coshz

ni(x) ys(2)

Also, both functions satisfy the ODE since (coshz)” = coshz, (sinhz)” =
sinhz so that y;(x) and y,(z) form a fundamental set of solutions. The
general solution is therefore

Yg(x) = Acoshz + Bsinhz

and
yy(z) = Asinhz + B cosh z

SO

Yg(0) = Acosh0+ Bsinh0 = A=1
?/:;(O)ZAsinh0+Bcosh0 = B=-1

The solution to the IVP is

y(t) = coshz — sinh z .



2 Problem 4.3.19

Use Abel’s identity to determine the Wronskian of two solutions of
oy’ +(x— 1)y +3y=0.

Solution:
First write equation into normal form y” + p(z)y’ + ¢(z)y = 0:

z—1 3
y'+ —y'+-y=0
xz xz

so that .
x —_—
p(z) = —
and .
/p(a:)dx:/xx dx =z —log|z| .
Then

Wy, 92] (x) = Ce [ P@dr — Oge=



3 Problem 4.3.23

Show that the substitution y(z) = v(z)u(z) where

1
u,(;p) _ 6—5 fp(z)d;c ’

transforms the differential equation
y" +pla)y +qlz)y =0
into an equation of the form:
v+ f(x)u=0.

Solution:

y' = v(r)u"(z) + 20" (2)u' (z) + v (z)u(x)

1
gz)y = q(@)v(@)e 2 J p(aye
p(m)y' — p(gj) <—%U($)p(x) + UI(.’L‘)> 6_5 fp(w)dz
1
y" — (_%v/(x)p(x) - %U(x)p/(g;) + v”(ac) + %U(x)pQ(m) . %U'@)p(x)) 6_5 [ p(z)dz

1 1 - x)dzr
(") + [ale) — %) — 9 @)] wia)) e 21" =0
This is of the desired form with
1 1,
f(z) =q(z) - Zﬁ(ﬂ?) - 5P(z)



4 Problem 4.4.5

Find a second solution for
tz" —(t+1)2'+2=0,¢t>0

given a solution z;(1) = exp(t).
Solution:
The equation in canonical form is
t+1 1
" — !

r+-z=0,1>0
t t

so that
t+1

t

p(t) =

and
/p(x)dl' = —{— ]Og |t| = e_fp(t)dt — tet

A second solution can be found in the form

— [ p(t)dt t
2 (t) = et/%dt :et/tidt

e2 et

zo(t) = et/te*tdt =—e'(t+1Det=—(t+1).



5 Problem 4.4.13b

Consider Hermite’s eq.

y'—2zy' + Ay =0,
with \ a parameter. Give a second solution if we have y; (z) = f(z) = 3z—2x3
for A = 6.

Solution:
We have that

2

p(r) = -2z = e~ [r@)de _ oo
and
I2
e

— [ p(t)dt
e =0Gr-22% [ —%
(3z — 2x3)2dx = (82 —227) / 3z — 2x3)2dx '

wo(t) = (32— 22" [

6 Problem 4.4.14b

Find a second solution of Legendre’s equation
1=y =22y + XA+ 1y=0, -1<z <1,

given
yl(x):f(a:):3x2—1, A=2.

Solution:
The equation in canonical form is

w28, AA+D)
R T i T LA
so that 5
p(z) = —ﬁ = em Pt — (1 - g7
— X
and

~ [p(t)dt 1—a?
walt) = (2= 227) [ g e = (30 = 1) [ e



