Solutions, 316-XXII

April 16, 2003

22(4/10) Eigenvalues, eigenvectors; Real eigenvalues
0.4[1,3%5,7,11,19% 21*], 9.5[1,3,7%,11%,13,17%|
CAUTION: there may be errors!!!

1 Problem 9.4.3

Write the given system in the matrix form x’' = Ax + f.

@ _ g +t
— = tr—y—=z

dt y 7
d

d—:z = e'z+5,

d

d—i = tr—y+3z—¢€.

Solution:



2 Problem 9.4.19

The given vector functions are solutions of the system x’ = Ax+f; determine
whether they form a fundamental set. If they do, find a fundamental matrix
and give the general solution.

1 —2
X1—€2t< 2>,X2—62t< )
Solution:

We form the matrix
P(t)=e ( o 4]

Since det ®(t) = e**(4 — 4) = 0 the two functions do not form a fundamental
set, and we cannot write a fundamental solution matrix.



3 Problem 9.4.20

The given vector functions are solutions of the system x’ = Ax+f; determine
whether they form a fundamental set. If they do, find a fundamental matrix
and give the general solution.

4 3 1
X1:€t<2>,X2:€4t<_1>.
Solution:

We form the matrix . "
e e
2050 )
Since det ®(t) = €3 (—3 — 2) = —5¢e* # 0 the two functions form a funda-

mental set, and ®(t) is a fundamental solution matrix. The general solution

is then
Xgen(t) = ®(t)c

with ¢ an arbitrary constant vector.



4 Problem 9.4.21

The given vector functions are solutions of the system x’ = Ax+f; determine
whether they form a fundamental set. If they do, find a fundamental matrix
and give the general solution.

ot ot Bt
xi=| 2" |, xo=¢€"| 0|, x3=]| —e*
ot ot 9e3t
Solution:
We form the matrix
et et Bt

~ 0 —edt et et et e
det®(t) = e ( of 963t ) —2¢”" < of 93t +e™! 0 —edt | o
= el —2e et — ettt = —2e3 £ 0 .

Since the determinant is non-zero, ®(¢) is a fundamental matrix and the
general solution can be written as

Xgen(t) = ®(t)c

with ¢ and arbitrary constan vector.



5 Problem 9.5.7

Find the eigenvalues and eigenvectors of the given matrix:

1 0
A= 2 1 .
0 4
Solution:

Find the eigenvalues and eigenvectors of the given matrix:

1 0
A= 2 1 )
0 4
Solution:

Form the characteristic polynomial:
1—r 0 0
P(r) := det(A —rI)=det 2 3—-r 1

N W O

N W O

0 2 4—r
1=7r)((B=r)4—=7)—=2)=(1—=7r)(r*="Tr+10)
(1—=7r)(r—2)(r—05)

The eigenvectors are found from the definition:

Av, =rv; :

1—r 0 0 T 0
2 3—r 1 y |=1]0 .
0 2 4—r z 0

1. Eigenvalue r; = 5:

or



2. Eigenvalue ry = 2:
3. Eigenvalue r3 = 1:

|

SN =

S N O

0
1
2

NN O



6 Problem 9.5.6

Find the eigenvalues and eigenvectors of the given matrix:

-3 10
A= 0 -3 1
4 -8 2
Solution:
Form the characteristic polynomial:
—-r 1 1
P(r) = det(A —rI) =det 1 —r 1
1 1 —r

= (=N ({(=r)(=r)=1) = (=r=1D)+0+7r)=-r*+3r+2
= (r—2)(r+1)?

The eigenvectors are found from the definition:

AVZ' =T;v; !
or

- 1 1 T 0

1 —r 1 y |=10

1 1 —r z 0

1. Eigenvalue r = 2:
—2 1 1 T 0 1
1 -2 1 y |l=|0]=>vi=]1
1 1 =2 z 0 1
Here we solve the system as followes: start with the homogeneous sys-

tem:
-2z + Yy + z = 0,

r + -2y + z = 0,

z + y + —2z = 0.
Multiply the third row time 2 and add to the first row
subtract the third row from the second row:

+ 3y — 3z = 0,
- 3y + 3z = 0,
r + y — 2z = 0.

7



The first two equations are now redundant; we set z = 1 and find
y=1,z=2z2—y=1.
Any multiple of this vector is also an eigenvector, i.e.

1
vi=s| 1
1

for s arbitrary is also an eigenvector of eigenvalue r = 2.

. Eigenvalues 7, = r3 = —1 (here we have a case where two of the roots
of the characteristic polynomial are equal (not yet done in class, but I
will demonstrate the process of finding the eigenvectors anyway):

1 11 T 0 1 1
1 11 y | =10 ]=>ve=] —1 , V3 = 0
1 11 z 0 0 -1

Here we have only one equation for the three unknowns z,y, z and we
can therefore find two independent vectors that satisfy it

r+y+z=0=z=1,y=-1, 2=0,
or
z+y+z2=0=z2z=1,y=0, 2=-1.

Not all problems with equal eigenvalues can lead to as many eigenvec-
tors as the multiplicity of the eigenvalue (there are ”defective” matri-
ces!).



7 Problem 9.5.11

Find the general solution for the system x'(t) = Ax(¢) for the matrix

3
A= "1 711,
—5 3

Solution:



8 Problem 9.5.17

Consider the system x'(t) = Ax(t), t > 0, with

- (4)

Solution:

1. Show that the matrix A has eigenvalues r; = 2 and 7, = —2 with

corresponding eigenvectors
3 1
we () e ()

Form the characteristic polynomial:

P(r) = det(A—rI):det<1:/§ _1:/2)
(rPP—=1)-3=r*-4=(r-2)(r+2)=0

The eigenvectors are found from the definition:

Alli =ru; :

(L2 0G)=(6)

which gives a solution in the form
( z\ [ 1+r
y V3 )
(a) Eigenvalue r; = 2:

The solution is
—1
w=( )

(b) Eigenvalue ry = —2:
The solution is
U = (



2.

3.
4.

Having found the two eigenvectors we can now write the general solu-
tion of the system as

(30 ) e () ver=( 1)

X(t) = Cle_tlh + 026_3tllz .

or

Sketch the trajectory of the solution having initial vector x(0) = —uy;.
Same as in (2) for initial vector x(0) = u,.

Same as in (2) for initial vector x(0) = uy — u;.

direction of motion ast— «

3}

4}

I
% along -u,

. along u,
__ startatuy,-u, A

-3
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9 Problem 9.5.20
Consider the system x'(t) = Ax(t), t > 0, with

a-(2 1)

1. Show that the matrix A has eigenvalues r; = —1 and ry = —3 with
corresponding eigenvectors

(1 _ 1
u; = 1 , Ug = 1 .
Solution:

Form the characteristic polynomial:
—2—r 1
P(r) = det(A—rI)-det( 1 —2—7“)
= 24712 —-1=r"4+44+3=(r+1)(r+3)=0

The eigenvectors are found from the definition:

Alli =ru; :
or
—2—-7 1 z\) (0
1 —2—7r y /) \0)°
(a) Eigenvalue ry = —1:
-z + y = 0,
r — y =0
The solution is
1
“=(1)
(b) Eigenvalue ry = —3:
r + y = 0,
z +y =0

The solution is

c
N
I
VS
|
—
N~
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Having found the two eigenvectors we can now write the general solu-
tion of the system as

()= () e ()

x(t) = Creuy + Coeuy .

or

2. Sketch the trajectory of the solution having initial vector x(0) = u;.
3. Same as in (2) for initial vector x(0) = —us.

4. Same as in (2) for initial vector x(0) = u; — u.

all solutions approach ze
2 T T

ro as ff

¥

1.8

1.6

1.2

x,, axis
T

0.8

0.4

0.2

T
% alongu,
along -u,

_ startat u,-u, i
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MATLAB script

ul = [1;1];

u2 = [1;-1];

t = linspace(0,2,201)
for i = 1:201

s1(:,1) = exp(-t(i))*ul(:);

82(:,1) = -exp(-3*t(i))*u2(:);

end

s3 = sl + s2;
plot(s1(1,:),81(2,:),'r*",s2(1,:),82(2,:),’g.”,83(1,:),83(2,:),’b-")
xlabel(’x_1 axis’)

ylabel(’x_2 axis’)

title(’plot of various trajectories; as time increases...

all solutions approach zero’)

legend(’along u_1’,’along -u_2’,’start at u_-1-u_2’)

14



