Solutions, 316-XX

April 12, 2003

7.9i1%,2,3,4,11,15,19%,20,22%* 23* 24, CAUTION: there may be errors!!!

1 Problem 7.9.1

Solve the IVP using Laplace transforms

¥ =3r—-2y, z(0)=1
y =3y—2z, z(0)=1

Solution:

L{z'=3z—-2y} = sX-3X+2Y=1
Ly =3y—2z2} = sY -3V +2X =1

(5—3)X+2Y =1, 2X+(s—3)Y =1
(=3 -4HX=(5-3)-2 , Y==-(1-(s=3)X)

2
_(s=3)-2 1 s—5
X=Tls-3p=1 Y‘§<1_(5_3)(s—3)2—4)
_(s—3)—2 _(s—3)—2
X=Goara o Yo o9 —a

giving
z(t) = y(t) = €* (cosh 2t — sinh 2t) .



2 Problem 7.9.19

Solve the IVP using Laplace transforms

¥ =3z+y—2z, x(0)=-6
y =-z+2y+z, y0)=
Z =4z +y—3z, 2z(0)=-12

Solution:

L{z'=3z+y—22} =>sX-3X-Y+2Z=-6
L{y=—z+2y+2} =sY+X-2Y-2=2
LA =4r+y—32} =sZ—-4X-Y +3Z=-12

or
(s=3)X — Y + 2Z = -6,
X + (s=2)Y - Z = 2,
—4X - Y + (s+3)Z2 = —12

giving (multiply 1st row by 1, subtract from the second row multiplied by
(s — 3) and use the result in place of the second row; also multiply the first
row my —4 and subtract from the third row multiplied by (s — 3), using the
result in place of the third row. Both the second and third rows no longer
contain X):

(s—3)X — Y + 27 = 6,
0X + [(s—2)(s—3)+1]Y - (s=3)+2]Z = 2(s—3)+6,
0X + [—(s—3)—4]Y + [(s+3)(s—3)+8]Z = —12(s—3)—24

which is simplified to:

(s—3)X — Y + 27 = 6,
0X + [(s=2)(s=3)+1Y - (s—1)Z = 2s,
0X - (s+1)Y + (s*-1)Z = —-12(s—1)

Now multiply the second row by s+ 1 and add to the third row to eliminate
Z; the system becomes:

(s—3)X — Y + 27 = —6
0X + [(s—2)(s=3)+1)Y - (s—1)Z = 2s
0X + (s+1)(s=2)(s—3)Y + 0Z = 2(s—3)(s—2)
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and solving:

2
s+1

25(s+1)—2[(s—2)(s—3)+1]

(s=1)(s+1)

_ 12s — 14

(s—1)(s+1)
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s—3
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The partial fractions expansions are

and
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so that we can now invert to find x, y, 2:

z(t) = e —Te™?
y(t) = 2¢°
2(t) = e —13e7".

3 Problem 7.9.22

Given the coupled mass-spring system

d’x
mlﬁ = —ki(z—vy)
d2
mgd—ti/ = ki(z—vy)—koy

with initial conditions:
y(0) =4/(0) =2"(0) =0, z(0) = 1.
Solve using Laplace transforms, if m; = 1lkg, my = 2kg, k& = 4N/m,

ko =10/3 N/m.
Solution:

d2

d2
L {de—tZQ/ =k(z—vy)— kzy} = mes’Y = k(X =Y) - kY

or

(m1s®> + k)X — kY = —mys,
—k X + (mas® + k1 + k)Y = 0

giving

(545 oo ) (3)-()



or

X\ —ms S mys® + ki + ky
Y m1m284 + [m1 (kl + k/'g) + mgkl)] s2 + klkz kl

Substituting the numerical values of the quantities involved we get:

( if ) T2t A+ 10/;)8Jr 8)]s2 + 40/3 ( e 10/2 )

< ig ) T 250 + (46/_?;;52 +40/3 ( > +22/?1 )

which simplifies as

( v ) a(s? +207§)(s2 +1) ( 282 +22/2 )

so, finally we have the partial fractions expansions:

or

—2s
(s2 +20/3)(s2 + 1)

= -2s A + b
B s2+20/3  s2+1

which is satisfied if we find A,B for

Y(s) =

1 _ A, B
(s2+20/3)(s2+1)  s2+20/3  $2+1
1
a1
1
B = lm ——— =3/17T=
=51 2+ 20/3 /
—-3/17  3/17 6/17 6/17
s2+20/3  s2+1) s2+20/3 s2+1

t) = Ecos @t—gcost
T A U R



where we used z = s? to speed up the reduction. Also, since

X(s)

—s(2s% + 22/3)
2(s2 + 20/3)(s2 + 1)
—2s(s* +20/3) + 6s
2(s2 + 20/3)(s2 + 1)

S 1
- 3
211 TR 203)(E 1)

—-3/17  3/17
?2+1 S<52+20/3+52+1>
—8/17 9/17

s2+1  s2420/3

—écosl — 3 @t
17 17 %\ 3




4 Problem 7.9.23

The RLC network has equations (as derived in class):

dl,

L1E+RIII+R2(II_IS) = E
dl
Li— — Ry(I1 —1I3) = 0
7 o(y — I3)
where
R1:QQ, RQZ].Q, E:6V, L3:01H, L1:02H,
and
IQ == Il - _[3 .
Solve for the currents assuming I;(0) = I,(0) = I3(0) = 0.
Solution:

dl FE
L {le—tl + R I + RQ(Il — Ig) = E} = ILysJi+ RiJi+ RQ(Jl - Jg) = ;

dl.
L {L?’d—tg — Rg([l — Ig) = 0} = L3sJ;3— RQ(Jl — Jg) =0

or, rearranging:

(L18 =+ R1 =+ RQ) Jl — R2J3 =
—R2J1 + (L3$ + RQ) J3 =

S|

or, substituting numerical values:

(028 + 3) Jl - J3 =

S w|o

and using matrix notation:

02s+3  —1\(n\_ (¢
—-1 0.1s+1 I )\ 9

so that



(

0.2s+3 -1
-1 0.1s+1

1

) (5)

0.1s+1 1
(02s+3)(0.1s+1)—1 1 02s+3

6

5(0.025% + 0.55 + 2)

6

0.1s+1
1

s((1/50)s% + (1/2)s + 2)

300
s(s% + 25s + 100)

(
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SN——
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(1/10)s + 1
(1/1()<)5+ 1 ) 1 )

1

Ll_i 1 +i 1 ) 30s 4+ 300 N
100s 75s+5 300s+20 300
308+3001_30(s+5)+150 1 30(s+20)—300 1
100 s 75 s+ 5 1 300 3—1—120
3——14
s s+5+s+20
1 1 1
.3+3——@—2 +.1-
s 75 s+ 95 s+ 20
1 1 1
3—-—14
s s+5 s+20
1 1 1
3—-—2 —
3{ 43—{54_3—!—20 =
s s+5 s4+20
3 _ 9e—5t _ o—20t
3—46_5t+6_20t>'
IQ = Il - 13 = 26751: - 267201& .



