Solutions, 316-XVIII

April 9, 2003

Notation:
0, t<ec
u(t—c)Euc(t)::{1 <

7.6j1,2,3*,4,5% 6,15%,16,29,30,31*,35*,36,,
CAUTION: there may be errors!!!

1 Problem 7.6.1

Sketch the graph and determine the Laplace transform.
t—1) ut—1).

Solution:
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2 Problem 7.6.3

Sketch the graph and determine the Laplace transform.
tut —2) .
Solution:

(hint: t = (t —2)+2).
We have

fE=2)=t’=[t-2)+2" = f(t) = (t+2)>=>+4t+ 4.
Then
c{t+at+4} = S+5+--

c{(t-22+4(t-2) +4)ut-2)} = e <3+i+é)



3 Problem 7.6.4
Sketch the graph and determine the Laplace transform.
tu(t —1) .

Solution:
(hint: ¢ = (¢ — 1) + 1 is required so that the function is converted to the
canonical form f(t — a)u(t — a) ).

Since
tu(t—1)=[(t—1)+1]u(t—1)
we have
1+s
L{t+1} = =
_s1+s

L{t-1)+1ut-1)} = e
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4 Problem 7.6.5

Express the given function using unit step functions and compute Laplace
transform.

0, 0<t<1

2, 1<t<?2
g9(t) =1 4 . 2<t<3

3, 3<t

Solution:

g(t) = 2u(t—1)—u(t—2)+2u(t—3) =

G(s) = % (26_8 —e B 4 26_38) :

5 Problem 7.6.5

Express the given function using unit step functions and compute Laplace
transform.

0 L 0<t<?2
g(t)_{t+1 , 2<t
Solution :
0 L 0<t<?2
g(t) = {t-i—l L 2<t
gt) = (t+Du(t—2)=[t—-2)+3u(t—2) =
14 3s
LA{t+3} = 2
91+ 3s

L{(t—2) +3ut—2)} = e

52



6 Problem 7.7.15

Determine an inverse Laplace transform for the function

—3s

e
s2+4s+5
Solution:
s (s +2)—1
2+4s+5  (s+2)2+1°
-1
5_1{52+1} = cost—sint =
s
2)—1
ﬁ_l{%} = e (cost —sint) =
s
-1 se” —2(t—3) .
L 7xasgs| = ¢ Vleos(t=3) —sin(t = 3)]u(t - 3)

7 Problem 7.7.16

Determine an inverse Laplace transform for the function
e—S
s24+4

Solution:

El{ 1 } = sin2t =

[,‘1{ ¢’ } = sin2(t—1) u(t—1)




8 Problem 7.7.30
Solve the given IVP with Laplace transforms; graph the solution.
w'+w=ult—-2)—ult—4); w0)=1, w'(0)=0.

Solution:

w'+w = ut—-2)—ult—4); w0)=1, w'(0)=0
LAw" +w} = L{u(t—2)—u(t—4)}

6—25 _ 6—48

1—|—s2+ S 1+ 52

where for the last expression we need

1 B A+Bs—|—C
s(14+s2) s 1482
) 1
4TS T
Bs+(C 1 1
1+s2  s(1+s2) s
o 1-(s241) s
s(14+s2)  1+s2
1 1 s
s(1+s2) s 1482
so that
s 1 S
w — —2s _ _—4s (__ )
(5) 1+82+(e ¢ ) s 142

y(t) = cost+ (1 —cos(t—2))u(t—2)— (1 —cos(t—4))u(t—4)



9 Problem 7.7.31

Solve the given IVP with Laplace transforms; graph the solution.
Y'+y=t—(t—4ut-2); y0)=0, y'(0)=1.

Solution:

Yty = t=(t—-4u(t-2); y(0)=0, y'(0)=1
L{y' +y} = L{t—[(t—-2)—2Ju(t—-2)}

(#+1) V(-1 = T2 (1=2)

52
1 s—e »#(1—2s) 1
Y —
(5) 1+52+ 52 1+ s?
Now
1 A Bs+C’:>A 5 1
= = = lim =
s(s2+1) s s2+1 50 52 4+ 1
Bs+C 11 1-(s"+1) s N
s24+1 s(s2+1) s s(s2+1) s2+41
1 1 s
s(s2+1) s s2+1
and
1o 11111
s2(s24+1)  z2(z+1) 2z 2z+1
T 1111
s2(s24+1) 252 2s2+1
Combining, we rewrite Y (s) as
1 1+2e % e 2

Y = — =
(5) 1+ s? * s(s2+1)  s%(s?2+1)

1 1 S 11 1 1
e () o (bt
1+s2+(+ ¢ ) s s2+41 € 252 25241

resulting in

1 1
y(t) = cost+1—sint+u(t—2) (2+2sin(t—2) — §(t_ 2) + 5 cos (t— 2))



10 Problem 7.7.35

Solve the IVP using Laplace transforms.

2437 +2z=eu(t—2); 2(0)=2, 2'(0) =-3.

Solution:
L{z"+32 42z} = L {6_3“_2)_%(1& — 2)}
-6
(+35+2)Z(s) ~25+3-6 = ——e > =
s+3
25+ 3 1
VA — —6 ,—2s ]
O =342 ¢ G50
Since s*> +3s+ 2 = (s + 1)(s + 2) we have
1 A N B N C N
(s+3)(s+2)(s+1)  s+3 s+2 s+1
1
A= lim ————~=—
so=3(s+1)(s+2) 2
1
B = lm——— =1
2 D6 +9)
C I 1 1:>
= lim ————— ==
s=-1(s+2)(s+3) 2
1 11 1,1
(s+1)(s+2)(s+3)  2s5+3 s+2 2s+1°
25+ 3 A n B N
(s+2)(s+1)  s+1 s+2
2 2
A=tim 22 21 pom 273
s=-1 g4 2 s——2 g4+ 1
22-1 1 1
(s+2)(s+1)  s+1 s+2
Combining, we rewrite Z(s) as
1 1 1 1 1 1 1
VA — —6 —25(_ _ - ):>
(s) s+2+s+1+e ‘ 25+3 S+2+28+1

yt) = e +e'+e Su(t—2) (%e?’(t?) —e A 4 %e“”)



t-domain (f(t))

s-domain (F(s))
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f(t)
C1f1(t) + Cafalt)
1

t

tf(t)
" f(t)
Jo g(r)h(t —7)dr
Jo g(r)dr

ft = a)u(t —a)

F(s)

C1F(s) + CyFy(s)

S R|=wi=

Sn+1

sS—a

F(s—a)

52 + b2

sF(s) — £(0)

s"F(s) —s"Lf(0) — - —

Fr=9(0)

Table 1: Useful Laplace transforms
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