Solutions, 316-X

February 28, 2003

1 Problem 6.3.15

Find the differential operator that annihilates e* — 6e*.

Solution:

In general, the operator D — r annihilates the exponential ™ so the desired
operator is (D — 2)(D — 1) = D? — 3D + 2. Then

(D* = 3D +2) (¢ — 6e™) = (D—1) [(D — 2)e*|~6(D~2) [(D — 1)e*] = 0+0 = 0

2 Problem 6.3.16

Find the differential operator that annihilates z? — e®.

Solution:

The operator D — 1 annihilates the exponential e while the operator D3
annihilates 22 so that

DD - 1) [2* = e*] = (D = 1) [D*3?] = D*[(D = 1)e”] =0

3 Problem 6.3.22

Use the annihilator method to determine the form of a particular solution to
the DE
y" + 6y + 8y = <D2 +6D + 8) ye3® —sinz .

Solution:
The characteristic equation is r? + 6r + 8 = 0 with roots r = —2, —4. Since



47 and 3 are not roots, try
Yp(t) = Acosx + Bsinx + Ce” .

To discover this with the annihilator method:
(D — 3) annihilates e

D? + 1 annihilates sin z

So we have:

(D—3)(D*+1)(D+2)(D+4)y=(D—3)(D*+1) (¥ —sinz) =0
S0 y, contains terms that are annihilated by each of these operators. Then
Yg = Cie 2 4+ Coe™® + Ae®® + Beosz + Csinz .

And to find the particular solution set C; = Cy = 0.

4 Problem 6.3.24

Use the annihilator method to determine the form of a particular solution to
the DE

0" — 0 = (D?—1)0 = xe”
Solution:

The characteristic equation is r? — 1 = 0, with roots 1. Since 1 is not a
root, the solution has the form

y,(t) = (Az”® + Bz)e” .

(We dont include the term Ae” since it is a multiple of the homogeneous
solution. To discover this with the annihilator method:

(D — 1) annihilates e®

(D — 1)? annihilates xe®

(D — 1)? annihilates z2e®

Since (D* — 1) = (D +1)(D — 1) we have:

(D= 1X(D* = 1)y = (D +1)(D 1)’y = (D - 1)? (ae®) =

0.
Then, the most general function annihilated by the operator (D +1)(D—1)3
is
yg = Cie” + Coe™" + (Ax2 + Bx) e’ .

Again, set C) = Cy = 0 to find particular solution.
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5 Problem 6.3.27

Use the annihilator method to determine the form of a particular solution to
the DE

(D2+2D+2) =e%cosz + 22 .

Solution:

D*+2D+2=(D+1)*+1

so that the characteristic equation, (r + 1)2 + 1 = 0 has roots r = —1 4 4.
The homogeneous solution here is

yp = Cre T cosx + Coe sinx .

Now, the operator D? 4+ 2D + 2 annihilates e~ cos =
while the operator D? annihilates 22. Thus

D3(D2+2D+2)2y = D3(D2+2D+2) (e‘””cosx%—a?)
- D3 [(D2+2D+2) e ® cosx] + (D2+2D+2) [D3ac2]
=0

So that the general solution is annihilated by the operator
D*(D*+2D +2)’
ie.
y, = Cre “cosz + Coe “sinz + Aze ®cosx + Bre “sinz + (Ca®+ Dz + E)

and to find particular solution set Cy = Cy = 0.



