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Quasicrystalline Chern insulator
Aperiodic Ammann-Beenker tiling.

For Chern number −1:

µ = 1, t = 1, µ = 2.

For Chern number 0:

µ = 1, t = 1
3 , µ = 2.

“px + ipy” tight binding model: HQC

Hj = −µσz

Hjk = −tσz −
i
2∆σx cos(αjk )−

i
2∆σy sin(αjk )

Fulga, Ion Cosma, Dmitry I. Pikulin, and L. “Aperiodic Weak Topological Supercon-
ductors.” Physical Review Letters 116.25 (2016): 257002.
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Gapped and ungapped by location
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-1 on the left (black vertices).

Set constants for Chern number
0 on the right (red vertices).

The units indicated define posi-
tion operators X and Y . Us-
ing Dirichlet boundary condi-
tions (just compress).

gapless
gapped gapped

gapped

gapless How can we described gapped and
gapless using the same Hilbert space?
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Gapped and ungapped by location

At interface of graphene surface
and hexagonal boron nitride sur-
face, expect states approximately
at the Fermi level, localized at the
interface.

The right shows scanning tun-
neling spectroscopy demonstrat-
ing this (via a scanning tunneling
microscope).

Nature Comm. 5, 5403, (2015), “Spatially resolved one-dimensional boundary states
in graphene–hexagonal boron nitride planar heterostructures” by Park et al.
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Gapped and ungapped by location
Clamp an STM probe over position (0, 0), get a combined system with
no position to measure. The localizer abstracts this.Define

L0(X ,Y ,H) =

(
H X − iY

X + iY −H

)
acting on a doubled Hilbert space (electron on the surface at vertex or on
the probe above vertex). One can show(

H X − iY
X + iY −H

)(
ψ1
ψ2

)
≈ 0 (1)

implies that either ψ = 1
||ψ1‖ψ1 or ψ = 1

||ψ2‖ψ2 will satisfy

Hψ ≈ 0, Xψ ≈ 0, Y ψ ≈ 0.

Our ability to solve Eq. 1 is limited by the size of

gap0(X ,Y ,H) =
∥∥L0(X ,Y ,H)−1∥∥−1

which is the smallest absolute eigenvalue of the localizer.
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Gapped and ungapped by location
Notice

L0(κX , κY ,H) =

(
H κX − iκY

κX + iκY −H

)
is equally valid. Small κ makes Hψ ≈ 0 closer to zero at the cost of
making Xψ and Y ψ larger.
We can also “move the probe” and shift H, so

Lλ(κX , κY ,H) =

(
H − λ3 κ (X − λ1)− iκ (Y − λ2)

κ (X − λ1)− iκ (Y − λ2) − (H − λ3)

)
,

and now small

gapλ(X ,Y ,H) =
∥∥Lλ(X ,Y ,H)−1∥∥−1

leads to
Hψ ≈ λ1ψ, Xψ ≈ λ2ψ, Y ψ ≈ λ3ψ.

We need to tune this by adjusting κ. Too large a κ gives an abstraction
of microscopy, not spectroscopy.
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Gapped and ungapped by location

We now plot gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1 with λ3 = 0 as

a function of (λ1,λ2).
Clifford spectrum of (κX , κY ,H) means gapλ(κX , κY ,H) = 0.
Clifford ε-pseudospectrum of (κX , κY ,H) means gapλ(κX , κY ,H) ≤ ε.
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):

-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 0.0

-10 -5 0 5 10
-10

-8

-6

-4

-2

0

2

4

6

8

10

-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 0.2
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 0.4
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 0.6
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 0.8
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 1.0
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 1.2
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 1.4
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 1.6
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 1.8
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 2.0
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 2.2
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 2.4
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 2.6
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 2.8
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 3.0
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 3.2
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 3.4
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 3.6
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 3.8
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 4.0

-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 4.2

-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 4.4
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 4.6
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 4.8
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 5.0
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 5.2
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 5.4
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 5.6
-10 -5 0 5 10

-10

-5

0

5

10

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

κ = 0.1, λ3 = 5.8

8 / 24



Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location

We fix κ = 0.1 and varying the energy setting λ3. All spectral data
respects the symmetry H 7→ −H, so we need only look at λ3 ≥ 0.
Plotting

gapλ(κX , κY ,H) =
∥∥Lλ(κX , κY ,H)−1∥∥−1

with λ3 = 0 as a function of (λ1,λ2):
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Gapped and ungapped by location
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Left to right, we have, very ap-
proximately, localized spectrum
as follows:

[−1.6, 1.6]

[−5.6,−0.8] ∪ [0.8, 5.6]

[−2.8, 2.8]

[−3.2,−1.2] ∪ [1.2, 3.2]

[−3.2,−1.6] ∪ [1.6, 3.2]

gapless
gapped gapped

gapped

gapless
Larger samples will allow for
smaller κ and better localization.
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Approximate eigenvectors
When gapλ(κX , κY ,H) ≈ 0 , say with λ1 = λ2 = 0, we obtain unit
vector ψ with Hψ ≈ λ3ψ, Xψ ≈ 0, Y ψ ≈ 0. Bigger κ means more
localized in position.

κ = 0.0000 κ = 0.0002 κ = 0.0010

κ = 0.0020 κ = 0.0050

All produced with λ3 =
0.828 and with the
Chern insulator settings
everywhere.

10 / 24



Approximate eigenvectors

We examine four of these, for deviation of ψ in the Hamiltonian Hρ

(radius ρ here is 40) and radial position Rρ =
√

X2 + Y 2.
κ Deviation of ψ in Hρ Deviation of ψ in Rρ

0.0002 0.0032 7.8981
0.0010 0.0032 4.1666
0.0020 0.0083 3.7527
0.0050 0.0227 3.001

Varying κ and using large ρ, we calculated approximate eigenvectors for
various Hρ that could be tapered to produce approximate eigenvectors for
the infinite area Hamiltonian HQC . The spectrum seems to be

[−6.227,−0.604] ∪ [0.604, 6.227]

with error in Hausdorff distance less that 0.044. (A semi-rigorous result.)
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K -theory
For the infinite system, Bellissard, van Elst, and Schulz-Baldes showed
that the Chern number is the index of the Fredholm operator

ind(HQC ,X ,Y ) = ind
(

Πv

(
X + iY
|X + iY |

)
Πv + (I −Πv )

)
where Πv is the spectral projector of HQC for to the valence band.

There is an index for a finite system, which can be centered at any point.

indλ(Hρ, κX , κY ) =
1
2Sig

(
Lλ

(
Hρ, κX , κY

))
where Sig(X ) is the number of positive eigenvalues minus the number of
negative eigenvalues.

Typically we take λ3 in the center of the gap or at the Fermi level, so
here λ3 = 0. For a round or square sample that is built with consistent
constants, best to use λ1 = 0, λ2 = 0.
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K -theory
Theorem(L-Schulz-Baldes). If ρ is large enough, and κ is a certain range,

1
2Sig

(
Lλ

(
Hρ, κX , κY

))
= ind

(
Πv

(
X + iY
|X + iY |

)
Πv + (I −Πv )

)
Our proof depends on the nice formula, in complex, ungraded case, for
the boundary map ∂1 : K1(Q)→ K0(K)

(K the compact operators and Q the Caulkin algebra).
The usual picture starts with unitary u in B, lifts to ‖a‖ ≤ 1 in A and
then ∂1 ([u]) = [p]− [1] where

p =

(
a −

√
1− aa∗√

1− a∗a a∗
)(

1 0
0 0

)(
a −

√
1− aa∗√

1− a∗a a∗
)∗

=
1
2

(
2aa∗ − 1 a2

√
1− a∗a

a∗2
√
1− aa∗ 1− 2a∗a

)
+

1
2

(
1 0
0 1

)
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K -theory from the spectrum of the localizer
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A portion of the spectrum
of the localizer, with κ =
0.1, λ2 = λ3 = 0 and
varying λ1.
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K -theory from the spectrum of the localizer
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K -theory
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The Clifford spectrum
must appear between
the regions of different
K -theory.
The larger the gap of
the localizer in those
regions, the more ro-
bust the Clifford spec-
trum and approximate
eigenvectors.
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Dimension one, class BDI
Now one position observable X and Hamiltonian H, say on `2(Z)⊗C2.
Also finite systems using open boundary conditions (Xρ,Hρ).
In class BDI have two symmetries, and M2n becomes real and graded:
a 7→ aτ giving the real structure and a 7→ aσ the grading, so aτ = a∗
means real, aσ = a means even.
The localizer is, at (0, 0),

L0(κX ,H) =

(
0 κX − iH

κX + iH 0

)
.

We note that v = κX − iH is invertible with symmetries

vτ = v∗, vσ = v∗.

If we set u = v(v∗v)− 1
2 , we get a unitary with symmetries

uτ = u∗, uσ = u∗.

This defines directly a K0 class in the Trout picture of K0.
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Dimension one, class BDI

To get an index from the infinite system, one can consider

W = PQP + (I − P)

where P is projection on the the space X > 0 and Q is the spectral
projection for H corresponding to [0,∞). If we take w as the image of
2W − I in the Caulkin algebra Q, then w will be unitary with symmetries

wσ = −w , wτ = w∗.

This defines directly a K1 class in the Van Daele picture of K1.

Claim: Using the Trout picture in even degrees and the Van Daele
picture in odd degrees gives the easiest formulas for the boundary maps
in K -theory of real, graded C∗-algebras.

First, a look at the complex, graded case...
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K -theory for complex, graded C ∗-algebras
This is a current project with Hermann Shulz-Baldes. Here σ : A→ A is
an order-2 *-automorphism.

with unitaries with invertibles due to

K1(A, σ) uσ = −u, u∗ = u, u2 = 1 uσ = −u, u∗ = u Van Daele
K0(A, σ) uσ = u∗ uσ = u∗ Trout

From 0→ I → A→ B → 0 we get a natural six-term exact sequence

K0(I) // K0(A) // K0(B)

∂0
��

K1(B)

∂1

OO

K1(A)oo K1(I)oo

Theorem (Kubota). Given uσ = −u, u∗ = u, u2 = 1 in B lift to
−1 ≤ a ≤ 1 in A with aσ = −a and then

∂1 ([u]) = [− exp (−πia)]

This works only if A ∼= A0⊗̂C`2, small modifications needed in general.
Kubata also proved this in the real and graded case. 18 / 24



K -theory for complex, graded C ∗-algebras

Theorem(L-Schulz-Baldes). Given u∗ = u−1 = uτ in B lift to ‖a‖ ≤ 1
in A with aτ = a∗ and then

∂0 ([u]) =
[
W

(
2aa∗ − 1 a2

√
1− a∗a

a∗2
√
1− aa∗ 1− 2a∗a

)
W ∗

]
where W is a scalar unitary chosen to give this the correct symmetry for
the desired grading on M2(Ĩ).

In the real, graded case, one needs to replace M2(A) with A⊗̂C`2,0.

Also, if A ∼= A0⊗̂C`1,1 is not true then one starts with u in B⊗̂C`1,1 and
ends up in Ĩ⊗̂C`3,1, but always the formula uses 2aa∗ − 1 and
a2
√
1− a∗a.
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Dimension one, class BDI
In class BDI, the grading comes from a self-adjoint grading operator Γ,
so Aσ = ΓAΓ. The class in K0(M2n(C), σ, τ) determined by

κX − iH.

Under the isomotphism K0(M2n(C), σ, τ) ∼= Z this works out to be
1
2Sig (κXΓ + H)

which was one of the formulas guessed in 2015.

Note: Both κXΓ+ H and

L0(κX ,H) =

(
0 κX − iH

κX + iH 0

)
are hermitian, and fiddling with singular value decomposition shows

λ ∈ σ (L0(κX ,H)) ⇐⇒ ±λ ∈ σ (κXΓ+ H) .

L. "K-theory and pseudospectra for topological insulators." Annals of Physics 356
(2015): 383-416.
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Dimension one, class BDI
Liu, Shabani, and Mitra were able to map a 2D system to a 1D, class
BDI system in a study of Majorana Fermions.

DILLON T. LIU, JAVAD SHABANI, AND ADITI MITRA PHYSICAL REVIEW B 97, 235114 (2018)

FIG. 1. Schematic of 2D Majorana platform proposed in
Refs. [24,25]. A 2DEG with strong spin-orbit coupling is contacted
with s-wave superconducting leads that have a phase difference φ and
an in-plane longitudinal magnetic field, �B. The top gate can be used
to tune the chemical potential. Majorana edge modes appear at either
end of the 1D normal channel.

Ref. [24]. As indicated in Fig. 1, the proximitizing leads give
rise to a quasi-1D normal channel of length L1D and width Wn.
Following [24], we take �(y) = �eisgn(y)φ/2θ (|y| − Wn/2)
and EZ(y) = EZ,sθ (|y| − Wn/2) + EZ,nθ (Wn/2 − |y|). The
presence of many experimental knobs is useful for controlling
the topological phase of the system, especially if one wishes to
manipulate a network of Majorana modes. However, we will
focus on just one of these, the chemical potential, μ.

Current experimental progress makes it feasible to study
the physics discussed here. In 2D InAs, the difficulty of
creating strong uniform coupling to a superconductor was
recently resolved by growing the superconducting material
(e.g., Al) in situ by molecular beam epitaxy [29]. A hard
superconducting gap, measured by tunneling through a quan-
tum point contact, indicated an intimate coupling between
materials [28]. Gated-Josephson junctions similar to Fig. 1
are routinely fabricated with IcRn product of ∼�Al [33],
and signature of Majorana fermions have been observed on
similar heterostructures [30,32]. Past proposals have focused
on realizing Majorana modes, manipulating the modes, and
maximizing the topological gap which protects them, but our
interest is on another aspect, namely to highlight this setup as
a tunable Kitaev chain with long-range couplings.

Topological classification. We now discuss the topological
classification of this system via the AZ scheme [55–57].
Imposing periodic boundary conditions along the longitudinal
x̂ direction, and open boundary conditions in the transverse ŷ

direction, and going into momentum space in the x̂ direction,

H =
∑
kx

�
†
kx

HBdG(kx,y)�kx
. (3)

Denoting K as complex conjugation, and identifying two
anti-unitary transformations, [24,58] particle-hole by UCK,
with UC ≡ τyσy , and time reversal by UT K, with UT ≡
−(y → −y),

UCHBdG(k)U−1
C = −H�

BdG(−k), (4)

UT HBdG(k)U−1
T = H�

BdG(−k), (5)

where k replaces the notation kx . The two antiunitary symme-
tries also imply the chiral symmetry US = UCUT ,

USHBdG(k)U−1
S = −HBdG(k). (6)

Since (UC,T K)2 = 1, HBdG(k) is in the AZ symmetry class
BDI, and therefore has a topological invariant in Z [59].

Topological invariant. In systems with a chiral symmetry,
there is an established method for computing the Z invariant
[60]. This method applies generally to multiband systems
in AZ class BDI, and has previously been used to study
quasi-one-dimensional Rashba spin-orbit coupled nanowires
[60,61], in which the systems are multibanded because of the
finite width of the confining quantum well. In contrast, in
the systems considered in our work, multiple bands arise
from the bound states in the junction. Furthermore, the mirror
symmetry in our system allows the chiral symmetry to remain
exact in the presence of interband coupling.

First, we rotate HBdG to the basis in which US has the form
� = τz ⊗ 1 ⊗ 1, where the two unit matrices appearing in the
tensor product live in σ and position space. In this basis, HBdG

is block off-diagonal,

� =
[
1 0
0 −1

]
,HBdG =

[
0 h(k)

h†(k) 0

]
. (7)

A Hamiltonian with a gap at zero energy has nonzero
determinant and therefore the following quantities are well-
defined,

α(k) = det h(k)

| det h(k)| ≡ eiθ(k), (8)

W = 1

2πi

∫
dα(k)

α(k)
. (9)

Because of the periodic boundary conditions, W is a
quantized winding number and may only change if the gap
closes. Thus W is the topological invariant in Z. Further, by
the bulk-boundary correspondence, W gives the number of
Majorana modes at the boundary of the bulk for which the
invariant is computed. In this case, the bulk is the quasi-1D,
normal channel and the zero-energy modes will be forced to
the ends of the channel.

In the following, the numerical parameters used for the 2D
system have been chosen to be experimentally realistic for
InAs devices [25,33]. We take, in units of the 2D hopping t =
1/(2m�a2), EZ,n = 0.02, EZ,s = 0.001, α = 0.2, � = 0.02,
and φ = π/2, with a = 10 nm, m� = 0.03me. We consider
a normal channel of width Wn = 8 sites on which � = 0
and superconducting leads with 250 sites in the transverse
direction. When putting the system on a finite wire, we take
L1D = 800 sites. Disorder strength is D/2 = 1.

Figure 2 shows the invariant for a tight-binding model of the
bulk 2D system as one tunes through several topological phase
transitions. Figure 3 shows the winding angle explicitly for a
single choice of parameters. One can see that for the chosen
parameters, the angle wraps around the unit circle three times,
leading to W = 3.

III. MAPPING TO 1D KITAEV CHAIN WITH
LONG-RANGE COUPLINGS

We now discuss the mapping from the 2D system to the
1D Kitaev chain. Typically, the Kitaev chain is discussed
with nearest-neighbor coupling terms and has a topological
invariant in Z2 for class D. By including further neighbor

235114-2

“A 2DEG with strong spin-orbit coupling is contacted with
s-wave superconducting leads that have a phase difference
φ and The top gate can be used an in-plane longitudinal
magnetic field,

−→
B . The top gate can be used to tune the

chemical potential. Majorana edge modes appear at either
end of the 1D normal channel.” from Liu, Shabani, and
Mitra (2018).

Liu, Shabani, and Mitra. "Long-range Kitaev chains via planar Josephson junctions."
Physical Review B 97.23 (2018): 235114.
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Dimension one, class BDI
LONG-RANGE KITAEV CHAINS VIA PLANAR JOSEPHSON … PHYSICAL REVIEW B 97, 235114 (2018)

FIG. 2. (a) Comparison of the topological invariant computed via
a winding number in 2D system (dashed line) and via the real-space
invariant in the 1D model (circles) defined in Eq. (15). The fluctuations
across disorder realizations are also plotted (boxes), but are very close
to zero. (b)–(d) The amplitude of four positive energy modes closest
to zero for a finite 1D system in the three topological phases shown in
the top panel. The amplitudes are averaged over disorder realizations
(NR = 100) and show that there are as many edge modes as the
invariant predicts.

terms, the invariant can take values fully in Z [62,63]. Thus
the simplest example of a Hamiltonian in topological class BDI

can be written as

H (k) = �d · �̃τ = dz(k)τ̃z + dy(k)τ̃y, (10)

where τ̃ are Pauli matrices (not to be confused with τ,σ that are
Pauli matrices in particle/hole and spin space, respectively) and
the symmetries of class BDI require that there is no component
of �d along τ̃x . Consequently, the winding of the unit vector,
�d/| �d|, is a topological invariant and takes values in Z. In
particular, for the 1D system, the winding may be explicitly
computed by

W = 1

2π

∫
dθ (k), (11)

where θ (k) is the angle defined by the components of �d . If one
breaks the effective time reversal symmetry (TRS), a τ̃x term
may appear in H . Such TRS breaking may arise intentionally
(as in Ref. [25]) by differing superconducting gaps in the leads
or unintentionally through disorder, which does not obey y →
−y. However, broken TRS will reduce the invariant from Z to
Z2, still leading to a nontrivial topological phase.

We can now make a straightforward connection with the
invariant described above for the 2D system. To map the full
2D system to the 1D system, we use α(k) above from the 2D
system to define components dz(k),dy(k). These components
then characterize a 1D Hamiltonian. Specifically, we write

dz(k) ≡ cos [θ (k)], (12)

dy(k) ≡ sin [θ (k)]. (13)

In a Kitaev chain with only nearest-neighbor hopping
and pairing, these terms are simple and well-known, dz(k) =
cos (k),dy(k) = sin (k). Systems that include further neigh-
bor terms will have higher-harmonic contributions to dz,dy .
We show that when the mapping above is carried out, the

FIG. 3. (a) Winding angle θ (k) extracted from a 2D system. This angle winds around the unit circle three times to give an invariant W = 3.
Several points are extracted and labeled with roman numerals (i)–(viii) illustrating the winding angle. (b) Components dz(k) and dy(k), defining
a 1D Hamiltonian, as been derived from a 2D system. These differ dramatically from simple sinusoidal functions, which implies that the 1D
system is not a nearest-neighbor model, but instead includes long-range hopping and pairing terms.

235114-3

(top) “Comparison of the topo-
logical invariant computed via a
winding number in 2D system
(dashed line) and via the real-
space invariant in the 1D model
(circles) defined in Eq. (15).”
(bottom) “The amplitude of four
positive energy modes closest to
zero [...] in the three topologi-
cal phases shown.” “The ampli-
tudes are averaged over disorder
realizations [...] that there are as
many edge modes as the invari-
ant predicts.” from Liu, Shabani,
and Mitra (2018).
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Dimension one, class BDIDILLON T. LIU, JAVAD SHABANI, AND ADITI MITRA PHYSICAL REVIEW B 97, 235114 (2018)

FIG. 6. (a) Topological invariant, W defined as half the signature of N = X� + H , plotted for varying μ. (b) (solid blue) Energy spectrum
and (dashed red) pseudospectrum of Kitaev chain for varying μ. One can clearly see that the pseudospectrum crosses zero around μ = 2. This is
the usual topological phase transition that corresponds to the appearance of edge modes at zero energy. (right) Probability density of eigenstates
with eigenvalue closest to zero of N and H for two values of μ corresponding to being deep in the trivial (μ = 3.0) and topological (μ = 1.0)
regimes. The probability densities computed from N,H are almost indistinguishable, with the topological edge-mode clearly visible.

US Army Office of Research, ARO: W911NF-18-1-0067, and
US Air Force Office of Scientific Research Young Investigator
Award, FA9550-16-1-0348.

APPENDIX

In this Appendix, we provide a basic introduction to the Clif-
ford pseudospectrum invariant used in the main text. We sug-
gest Refs. [53,54] to readers seeking a formal derivation. Here
we use the one-dimensional Kitaev chain to illustrate the invari-
ant. Our Hamiltonian has L sites, H = ∑

xx ′ �
†
xH (x,x ′)�x ′ ,

where �x = (cx,c
†
x)

ᵀ
and

H = −μτ̃z ⊗ 1 − 2t τ̃z ⊗ [hop] − i�τ̃y ⊗ [pair]

− τ̃z ⊗ [W], (A1)

where τ̃i are the Pauli matrices and [hop] and [pair] are
L × L matrices corresponding to nearest neighbor hopping
and pairing as shown below:

[hop] =

⎡
⎢⎢⎢⎢⎣

0 1 0 0 . . .

1 0 1 0 . . .

0 1 0 1 . . .

0 0 1 0 . . .
...

...
...

...
. . .

⎤
⎥⎥⎥⎥⎦,

[pair] =

⎡
⎢⎢⎢⎢⎣

0 1 0 0 . . .

−1 0 1 0 . . .

0 −1 0 1 . . .

0 0 −1 0 . . .
...

...
...

...
. . .

⎤
⎥⎥⎥⎥⎦.

[W] is a diagonal matrix with uniformly distributed entries
δμ ∈ [−w,w] corresponding to disorder in the chemical po-
tential. We also consider the coordinate operator, X = 1 ⊗ x̃,
where x̃ is a L × L matrix with diagonal entries correspond-
ing to position, and normalized so that the entries x range

over −1/2 � x � 1/2. It is also convenient to define � =
Diag(1, − 1). This is the chiral operator where H� = −�H

and X� = �X.
The first step in identifying the real-space invariant is

to look for operators that almost commute. In the presence
of disorder, and in one dimension, X,H are such a set of
operators. A convenient way [53] to construct the simultaneous
(approximate) eigenvectors of X,H with eigenvalues λx,λH is
via the Clifford pseudospectrum, �(X,H ) defined as

�(X,H ) = {λ ∈ R2|Bλ(X,H ) is singular}, (A2)

λ = (λx,λH ), (A3)

Bλ(X,H ) = �a ⊗ (X − λx) + �b ⊗ (H − λH ). (A4)

Above, by singular one means that the matrix cannot be in-
verted due to zero eigenvalues. �a,�b are a Hermitian represen-
tation of C�2(C) such that �a�b = −�b�a,�

2
i = 1,�

†
i = �i .

Clearly, ifH has a spectral gap, and the states are localized, then
0 �∈ �(X,H ). The only way for the topological classification
to change is when 0 ∈ �(X,H ).

Let us choose �a = σx,�b = σy . Then

B0(X,H ) =
(

0 X − iH

X + iH 0

)
. (A5)

Our goal is to study B, where a singular structure implies a
topological phase transition. Since the two nonzero elements
are conjugates of each other, one may identify the singular
structure by simply studying one of the off-diagonal elements
X + iH . It is convenient to cast this in a Hermitian form
by defining N ′ = (X + iH )�. Since � is unitary, it does not
modify the norm of X + iH , and hence its singular structure.
A further unitary rotation [53] can transform N ′ to

N = X� + H. (A6)

235114-6

Again from Liu, Shabani,
and Mitra (2018).

On the bottom is a plot of the spectrum of H (blue dots) and the
spectrum of κXΓ+ H red squares as a parameter µ moves the system
from an topological insulator (µ < 2) to an ordinary insulator.

On top is a plot of the finite index 1
2 Sig (κXΓ+ H).
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The Localizer
1 Defined in any dimension, any Atland Zirnbauer symmetry class
2 Defines the Clifford (pseudo)spectrum — emergent topology from

tuples of hermitian matrices
3 Enables numerical algorithm to find spectrum of infinite area,

quasiperiodic Hamiltonians.
4 Defines a local K -theory index — use κ = C
5 Defines a global K -theory index — use κ = C

system radius
6 Gradually the indices are getting proven correct
7 Not clear how to modify localizer for interacting fermions


